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Preface

A scientist often encounters established ideas that were once th&ubject
of debate, sometimes controversy. Often, we use those ideas Wwino
knowledge of their historical development, nor of the assumptionson
which they are based. We rarely stop to ponder the validity of an
established idea. This is not surprising as this is how we have been
building our edi ce of physical theories, by standing on the shouldes of
giants, to paraphrase Isaac Newton.

Yet established ideas and theories need to be challenged and revigite
when new data or new theories that contradict or shed new light on
them, become available. We need not be afraid of new information thia
risk overturning accepted ideas. After all, this is how new paradigms
arise and how progress is achieved.

The question of whether stars are gaseous or liquid is one debate
that most scientists are oblivious to. Yet this was a subject of vigobus
debate in the late 19th and early 20th centuries, with well-known physi-
cists lining up behind both sides of the question. Larissa Borissova ah
Dmitri Rabounski provide a summary of the history of this debate and
a personal perspective on how they were pulled into it.

Recent evidence for liquid stars, in particular the extensive reseath
performed by Pierre-Marie Robitaille who has proposed the liquid
metallic hydrogen model of the Sun, leads us to revisit this question.
Interestingly enough, stellar plasmas are modelled using Magnetolaro-
dynamics, i.e. magnetic uid dynamics, a combination of Maxwell's
equations of electromagnetism and the Navier-Stokes equationd auid
mechanics. Magnetohydrodynamics is also used to model liquid metals.
This is an indication that the theory of liquid stars is highly plausible
as an explanation of solar and stellar astrophysical data.

My interest in this research area stems from the astrophysical re
search | performed on stellar atmospheres of Wolf-Rayet starstathe
University of Ottawa's Department of Physics for my thesis on \Laser
Actionin C IV, N V and O VI Plasmas Cooled by Adiabatic Expansion".
Wolf-Rayet stars exhibit mass loss and an expanding stellar atmospére.
This results in population inversion of certain atomic transitions due to

“Robitaille P.-M. A high temperature liquid plasma model of t  he Sun. Progress
in Physics, 2007, vol. 3, issue 1, 70{81.

»Tajima T. and Shibata K. Plasma Astrophysics. Perseus Publi shing, Cam-
bridge, 2002; Kulsrud R. M. Plasma Physics for Astrophysics . Princeton University
Press, Princeton, 2005.
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the rapid cooling of the expanding plasma and the recombination of te
free electrons into higher excited ionic states, and laser action in ta
corresponding emission lines. This physical mechanism has been pro-
posed as the explanation for the prominent spectral lines obserekein
the spectra of Wolf-Rayet stars.

In this book, Larissa Borissova and Dmitri Rabounski provide a
general relativistic theory of the internal constitution of liquid stars,
a model that was lacking till now. This they accomplish by using a
mathematical formalism rst introduced by Abraham Zelmanov for c al-
culating physically observable quantities in a four-dimensional pseud-
Riemannian space, known as the theory of chronometric invariants
This mathematical formalism allows to calculate physically observable
(chronometrically invariant) tensors of any rank, based on oper#ors of
projection onto the time line and the spatial section of the observe. The
basic idea is that physically observable quantities obtained by an ob-
server should be the result of a projection of four-dimensional gantities
onto the time line and onto the spatial section of the observer.

This analysis allows them to propose a classi cation of stars based on
three main types: regular stars (covering white dwarfs to supemiants),
of which Wolf-Rayet stars are a subtype, neutron stars and pulses, and
collapsars (i.e. black holes). Their theory also provides a model of &
internal constitution of our solar system. It provides an explanation for
the presence of the asteroid belt, the general structure of thelanets
inside and outside that orbit, and the net emission of energy by the
planet Jupiter.

The ultimate test of any theory of stellar structure is the stellar mass-
luminosity relation which is the main empirical relation of observational
astrophysics. Using their theory, the authors can calculate the pessure
inside stars as a function of radius, including the central pressure As
pointed out by the authors, the temperature of the incompressilte liquid
star does not depend on the pressure, only on the source of stellenergy
(as opposed to a gas, in particular as given by the equation of statef
an ideal gas). The authors match the calculated energy productio of
the suggested mechanism of thermonuclear fusion of the light atoio
nuclei in the Hilbert core (the \inner sun") of the stars to the empir ical
mass-luminosity relation of observational astrophysics, to detemine the
density of the liquid stellar substance in the Hilbert core.

Pulsars and neutron stars are found to be stars whose physicabr
dius is close to the radius of their Hilbert core. They are modelled by
introducing an electromagnetic eld in the theory due to their rotat ion
and gravitation. Electromagnetic radiation is found to be emitted only



8 Preface

from the poles of those stars, along the axis of rotation of the stes.

This book represents a solid contribution to our understanding of
stellar structure from a general relativistic perspective. It provides a
general relativistic underpinning to the theory of liquid stars. It raises
new ideas on the constitution of stars and planetary systems, angbro-
poses a new approach to stellar structure and evolution which is baud
to help us better understand stellar astrophysics.

Ottawa, September 2, 2013 Pierre Millette

Astrophysics research on stellar at-
mospheres, Department of Physics,
University of Ottawa (alumnus)



Chapter 1
Problem Statement

81.1 Introducing a new theory of the internal constitution of
stars

In this book, we suggest a new mathematical theory of the interna
constitution of stars, and the sources of stellar energy. The thery is
based on the common consideration of a star and its eld accordingd
the General Theory of Relativity.

This is an alternative to the conventional theory of stars which was
introduced in the 1920's by Arthur Eddington [1] and others in the
framework of classical mechanics and thermodynamics.

As is known, the conventional theory resulted in themodel of gaseous
stars: stars are considered as gaseous spheres, consisting of mosyy h
drogen and a very inhomogeneous interior so that the hydrogen ahe
extremely hot and dense central region is carried into a process ehergy
release. It assumes, after Hans Bethe [2], that this exothermic prcess
is thermonuclear fusion producing helium from hydrogen. Two other
versions of the gaseous model di er from Eddington's theory in degils.
Edward Milne [3] conjectured two (or more) di erent states of matter
inside a star. Nikolai Kozyrev [4] arrived at the peculiar picture of low
density and temperature inside stars, and a non-nuclear sourcef gtellar
energy.

Another theory of the internal constitution of stars was much pop-
ulated in the 1920{1930's due to James Jeans [5,6]. This is thenodel
of liquid stars. The public discussion between Jeans, who defended the
liquid model, and Eddington, the follower of the gaseous model, was
xed in the dozens of short communications they published in the sci-
enti ¢ journals. Indeed, Eddington eventually won. Despite the many
astrophysical evidences of liquid stars, Jeans' theory did not pasess a
solid mathematical basis. His theory was based on observational afh
ysis and arguments rather than a mathematical model. In contrag
the theory of gaseous stars was mathematically well-grounded by &
dington. In particular, the mathematical model of gaseous starsgives
a theoretical deduction of the mass-luminosity relation, which is one
of the main relations of observational astrophysics This is a \trump

*“The most comprehensive deduction of the mass-luminosity re lation in the frame-
work of the model of gaseous stars is given in Part | of Kozyrev 's paper [4].
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card": once the gaseous model predicts the mass-luminosity relan,
the theory is usually claimed to be true in general while all its incon-
sistencies with observational analysis are merely some \di culties" to
be resolved in the future. Thus the model of gaseous stars becanthe
conventional model for decades to come, until the present time.

We now have to make an important note. As is known, the core of
the mathematical theory of the internal constitution of stars consists of
two equations: the equation of mechanical equilibrium and the equa-
tion of heat equilibrium. The mechanical equilibrium means that the
weight of any unit volume of the stellar matter is put into equilibrium
with the pressure from within the star. The heat equilibrium (energy
balance) means that the energy produced within any unit volume of he
stellar matter is put into equilibrium with the energy ow (radiations,
convection, or heat conductivity) from within the star onto its sur face.
These two main equations of the theory come from general physicend
they do not dependon whether the stars are out of gas, liquid, or some-
thing else. Only then, by introducing the equation of state of ideal s
(and many other particular assumptions) into the main equations, the
conventional theory yields gaseous stars and other conclusionsdluding
the mass-luminosity relation.

Jeans' theory of liquid stars cannot follow this way. The equation
of state of ideal liquid, provided by classical physics, is so simple that
it contains not the characteristics of stellar matter which are necesary
for further deduction by means of the equations of equilibrium.

Instead of all these considerations of classical mechanics and the
modynamics, we suggest an absolutely di erent approach to the pob-
lem. It is based on the simultaneous consideration of a star and its
eld according to the General Theory of Relativity. We consider liquid
stars: this matches certain new observational evidences for thetate of
condensed matter inside stars; in particular, that the Sun consiss of
high-temperature liquid metallic hydrogen (see [7{10]).

In the framework of the General Theory of Relativity, the struct ure,
matter, and eld of such a star are characterized by Schwarzscid's
metric of a sphere lled with incompressible liquid. The recent theo-
retical result obtained by one of us [11, 12] showed that, if the Surs
represented as a liquid sphere according to the metric, the Sun's ld
has a space breaking (discontinuity) in the asteroid strip (this implies
that the space breaking impedes the substance to be formed as dapet
in this orbit). We are therefore sure, hereby, of following the right path.

We deduce Einstein's eld equations in the form that models stars
as liquid spheres. This is a particular form of eld equations, which
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may or may not satisfy the particular space metric. Therefore, wethen
prove that the obtained particular form of the eld equations satis es
Schwarzschild's metric of a liquid sphere.

Then, on the basis of the obtained energy-momentum tensor of aqy-
fect liquid (as contained on the right-hand side of the eld equationg,
we deduce the conservation law for the liquid substance of regulatars.
Solving the equations of energy-momentum conservation, we obia the
pressure and density of the liquid substance inside the stars. We #n
obtain the formula for the luminosity of stars in the framework of the
liquid model. We study how this theoretical formula can be compatible
with the mass-luminosity relation (which is the main empirical rela-
tion of observational astrophysics). As a result, we obtain the plysical
characteristics of the mechanism that produces energy inside thetars.

Concerning the stellar energy mechanism itself, we conclude that it
is the conversion of substance into radiation on the surface of théiny
central \core" inside each star. The core can have a di erent dersity
than that of the other substance of a star (a liquid sphere is homog-
neous inside), and is selected by the collapse surface with the radius
determined according to the star's mass. Despite almost all the mas
of the star is located outside the core (the core is not a black hole)xhe
force of gravity approaches in nity on the surface of the core d to the
inner space breaking of the star's eld therein. The super-strongforce
of gravity is su cient for the transfer of the necessary kinetic energy
to the lightweight atomic nuclei of the stellar substance, so that the
process of thermonuclear fusion begins. The energy produced ke
thermonuclear fusion is that very energy which stars radiate. in oher
wordss, the tiny core of each star is its luminous \inner sun", while the
produced stellar energy is then transferred to the physical sudce of the
star due to thermal conductivity (which is regular to liquid media).

Neutron stars and pulsars, being rapidly rotating objects, consis
a special type of stars. The structure, matter, and eld of such stars
should be described by another metric, which is that of a rotating liqud
sphere under special physical conditions (which are particular to rutron
stars and pulsars). We introduce such a metric. According to the netric,
the liquid substance of neutron stars and pulsars is in the same stat
as high-density physical vacuum. We then deduce a particular formof
Einstein's eld equations which satis es the metric. We show that the
energy-momentum tensor of the obtained eld equations satis esthe
conservation law only in the case where the energy ow from within the
object is very anisotropic, and is directed toward the north and saith
poles (while the axis of the magnetic eld does not coincide with the axis
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of rotation of the object). This matches the well-known observaional
data about neutron stars and pulsars.

This is our plan for the upcoming chapters. As a result, we obtain a
mathematical theory of liquid stars, and of the sources of stellar rergy
according to the General Theory of Relativity.

Before proceeding with the steps, in the next§l.2, we survey the
space-time metrics we use in our theory. Then we introduce a new
classi cation of stars. This classi cation is based on the location of he
space breaking of a star's eld with respect to its surface (the speae
breaking is calculated according to the metric and proper parametes
of the star).

At the end of this chapter, §1.3 gives a survey of the important
mathematical apparatus of physically observable quantities in the pace-
time of the General Theory of Relativity we require for our further
calculations.

81.2 Modelling a star in terms of General Relativity

Stars are spherical bodies lled with substance and light. Their elds
are spherically symmetric as well. Therefore, once considering a sta
in terms the General Theory of Relativity, the structure, matter , and
eld of such an object should be given by a spherically symmetric spae
(space-time) metric.

Among the space-time metrics known due to the General Theory of
Relativity, three primary metrics describe spherically symmetric elds.
These are Schwarzschild's metric of a mass-point, Schwarzschild'setx
ric of a sphere lled with incompressible liquid, and de Sitter's metric
which describes a spherical distribution of physical vacuum (- eld).
All these three metrics will be used in our consideration of stars.

1.2.1 The mass-point metric

2
d2= 1 0 @gr 97
r 1 g

r_

r2 d?+sin?d 2 (1.1)

was introduced in 1916 by Karl Schwarzschild [13]. The metric describes
the eld of a spherically symmetric massive body to so large a distance
from it that the physical size of the body is neglected (assuming théody
is a mass-point). The metric is written in the spherical coordinatesr,

, , whose origin meets the mass-point. Also, hereimg = % is the
Hilbert radius of the massive body, while M is the body's mass (which

is the mass of the eld source).

“This is not the same as the physical radius of the body. At a dis tance of the
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According to the metric (1.1), such a space does not rotate or defm.
The gravitational inertial force (see §1.4 for detail) in the space can be
deduced on the basis of the componentyy, of the fundamental metric
tensor. As is seen,goo Of the mass-point metric (1.1) has the form

r

Ooo =1 Tg ; (1.2)
Di erentiating the gravitational potential w= (1 P Qoo) with respect

to x', we obtain
@_ ¢ Qo
@k 2" Qoo @%
We then substitute it into the general formula for gravitational ine r-
tial force (1.42) while taking the absence of rotation of the space ito
account. We obtain the formulae for the covariant and contravanant
components of the gravitational inertial force

crg 1 1
T P g (1.4)

r

(1.3)

F]_:

As is seen from the formulae, the gravitational inertial force in a mas-
point space is due Newtonian gravitation, and is reciprocal to the sgare
of the distancer from the gravitating mass.

The curvature of a mass-point space is due to the Newtonian eld
of gravitation, produced by the massive body in the origin of the coo-
dinates. This is not a constant curvature space; its curvature dereases
with distance from the massive body (the eld source). At an in nite ly
large distance from the body the space is at.

1.2.2 Aspace lled with a spherically symmetric homogeneous dis-
tribution of physical vacuum (the - eld in Einstein's eld equations)
without any island of mass presented therein is described bge Sitter's
metric

2 2
ds?= 1 % eqz 97

r
1 =

r2 d?+sin?d 2 : (1.5)

The metric was introduced in 1918 by Willem de Sitter [16] as a static
model of the Universe. It is assumed that < 10 %6 in the cosmos, so

Hilbert radius from the center of gravity of the massive body  (r = rg), gravitational
collapse occurs: in a rotation-free space, this is a state by which the component goo
of the fundamental metric tensor g is zero (goo =0). See 85.1 and 8§5.2 for details.
The Hilbert radius was introduced due to David Hilbert (1862{1944) who conside red
it in 1917 [15] on the basis of Schwarzschild's mass-point me tric. It is also known
as the Schwarzschild radius, despite the fact that Karl Schwarzschild (1873{1916)
never considered gravitational collapse in his papers [13, 14].
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physical vacuum has a very low density therein. A modern version of
the static model of the Universe is presented in [17].

The fundamental metric tensor, via its components according to
de Sitter's metric (1.5), manifests that such a space does not defm or
rotate. Therefore, the gravitational inertial force (1.42) in such a space
is only due to goo Which is

r 2
Qoo =1 3 : (1.6)
Accordingly, after the same algebra as previously, we obtain
_c* r 1_ ¢? .
Fl_?l e F —?r. (1.7)

3

This is a non-Newtonian gravitational force, which is proportional to
distancer: the force ( -force) grows along with the distance at which it
acts. If < 0 (the observable density of vacuum is positive), this is an
attraction force. If > 0 (the observable density of vacuum is negative),
this is a repulsion force. See Chapter 5 of our book [18] for details.

The curvature of a de Sitter space is due to the non-Newtonian
gravitational eld produced by physical vacuum ( - eld), which homo-
geneously lls the space. The curvature is the same everywhere witn
the space. This is a constant curvature space, in other words.

1.2.3 The metric of a sphere lled with incompressible liquid was
originally introduced in 1916 by Karl Schwarzschild [14] in a truncated
form containing substantial limitations. He arti cially pre-imposed th e
limitations during the deduction of the metric in order to set the eld
free of breaking. The true metric of a sphere lled with incompressible
liquid remained unknown until 2009, when one of us deduced it in the
most complete form [11, 12], which is free of any limitations and thus
takes space breaking into account. The model of stars as liquid sgnes
plays a key réle in our theory. We therefore consider the metric ofa
sphere lled with incompressible liquid in the complete form

r_r 72!2
31 8 1 Do g
a a

ds? =

Bl

dr?
rerg
a3

r2 d2+sin?d 2 (1.8)

1

* Actually, once a limitation is pre-imposed on the metric, th e geometry of the
metric space is arti cially truncated. In this sense, the me tric Schwarzschild intro-
duced in 1916 is not the genuine metric of the space of a liquid sphere.
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as that deduced in the papers [11,12]. Hereina= const is the physical
radius of the liquid sphere, whilery = 28 s the Hilbert radius calcu-
lated according to the massM of the liquid (which is the eld source).
The complete deduction of the metric, containing all the necessaryge-
tails, will be presented in 8.1 of the book wherein we will suggest the
metric for regular stars.

The metric (1.8) is written for distances r<a : this is the \internal
metric" of a sphere lled with incompressible liquid. At the surface of
the sphere ¢ = a) the metric coincides with the mass-point metric. Also,
as was proven in [12] (this deduction will be repeated in8.1 of the
book), the \outer metric" of the sphere (r>a) is as well the same as
the mass-point metric: the external eld of a liquid sphere is the sane
as the Newtonian gravitational eld of a mass-point.

As is seen from the metric of a liquid sphere (1.8), such a space does
not deform or rotate. Therefore, according to the de nition of t he grav-
itational inertial force (1.42), the force in such a space is only due @
Ooo- In the metric (1.8), we have

r r—  _ *»

31% 1 oE (1.9)

Joo =

Bl

After the same algebra as previously, we obtain

Crgr 1
Fi= 2 —q q ——q —;  (L10)
a 3 1 g 1 rgr 1 rgr
a ad as
q___
rgr2
Crgr 1 -
Fl= —3 g g _: (1.11)
S T N C A
a a3

Sincer<a inside the sphere,F;< 0 therein. Hence, this is a force of
attraction. Its numerical value is proportional to distance r. The force
is zero at the center of the sphere, and reaches its ultimate-highalue
on the surface.

It is possible to show that the curvature of such a space, being due
to the aforementioned eld of attraction, increases with distance from
the center of the liquid sphere onto its surface. in other words, tle
space inside a liquid sphere is not a constant curvature space. (Weillv
provide the proof and discuss both the four-dimensional curvatue and
the three-dimensional observable curvature of the space i82.3.)
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1.2.4 We now suggest a new modelling of stars in terms of the
General Theory of Relativity.

Consider stars as spherical bodies consisting of liquid. In the frame
work of the liquid model, the internal structure, matter, and eld o f
a star is described by the metric of a sphere lled with incompressible
liquid. This is formula (1.8). As was shown above, the force of gravita
tion increases therein proportionally to the distance from the cener of
the star. The external eld of the star is described by the mass-mint
metric (1.1). In the external eld, the regular Newtonian gravitat ional
force acts. The force is reciprocal to the distance from the star

The eld of a liquid sphere, as such, is not continuous everywhere.
According to the external metric (1.1) and internal metric (1.8) of a
liquid sphere, its eld has space breakingwhich appears at two distances
from the center of the liquid sphere. Due to this fact, we now introduce a
new classi cation of stars according to the General Theory of Reltvity.
We hereby explain how to build it.

The space breaking occurs due to the violation of thesignature pre-
scription conditions of the space metric. It means that the space has
a singularity in that region (surface or volume) wherein at least one
of the signature conditions is violated. The signature conditions fora
sign-alternating diagonal metric (+ ) as that of the four-dimensional
pseudo-Riemannian space (which is the basic space-time of the Geaé
Theory of Relativity) have the form

Ooo> 0
Oood11 < O

QooG11922 > 0
0= 000011022033 < 0

IMW ©

(1.12)

= WW

The rst three are known as the weak signature conditions The fourth
is known as thestrong signature condition. If one or all weak signature
conditions are violated, while the strong signature condition is true,this
is aremovable singularity If the strong signature condition is violated,
the space-time hasunremovable singularity. in this case the solution is
regularly failed from consideration, because it \has no physical sese".
Actually, one could not see the physical meaning therein. Howeverit
is very meaningful mathematically. We therefore will take any space
singularity (space breaking) under consideration.

Consider now the space of a liquid sphere. According to the exter-
nal metric (1.1) of the sphere, the rst signature condition is violated
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(goo =0) at the distance r = ry from the center:

r
Goo = 1 Tg=0

MR/ ©

= 1<0
Joo O11 (1.13)

GooG11G22 = 12> 0

= WA

g= r*sin® <0

The internal metric (1.8) of the sphere manifests that the secondthird,
and fourth signature conditions are violated at the distance
s
as
r=fy= — (1.14)
Iy

from the center of the sphere, where the aforementioned threfinctions
approach in nity ":

1 95

oo = -
g a

MY/ ©

- hlO©

QooOur ! 1
OooO11022 !'1
0= Goo¥11022033! 1

(1.15)

= AW

This means that the eld of a liquid sphere has space breaking at two
distances from the center:

1. The rst space breaking occurs on the surface, spherically caring
the center of gravity of the liquid sphere at the distance of the Hil-
bert radius r = rg. This is a surface of gravitational collapse (ac-
cording to the condition goo=0 of this space breaking). In other
words, while a liquid sphere itself may not be a collapsar, it always
contains a \core" which is selected from the other liquid substance
by the surface of gravitational collapse. In the case where the lig-
uid sphere is a star (as in the said model of liquid stars), each star
contains such a core. The core is much smaller than the physical
radius of regular stars: while the radius of the collapsed core
(Hilbert radius) of the Sun is rg=2:9 10° cm (2.9 km), the phys-
ical radius of the Sun is 70 10'° cm (700,000 km). We therefore
refer to it as the inner space breaking

*As is known, a function has a breaking when approaching inni ty.
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2. The second space breaking occurs on We spherical surfaceven
ing the liquid body at the distance r,, = a3=rg. The distance is
much larger than the physical radius of regular stars. Thus this is
the outer space breaking(contrary to the inner space breaking at
the Hilbert radius). For example, the second (outer) space break
ing of the Sun's eld occurs at the distancerp, =3:4 10 cm=
=340;000 000 km=2:3 AU". This space breaking is located in-
side the asteroid strip, close to the orbit of the maximal concentra
tion of the asteroids (the asteroid strip is situated from 2.1 AU to
4.3 AU from the Sun). This implies that the space breaking does
not permit the substance to be formed into a common physical
body (such as a planet) in this orbit.

If the physical radius a of a liquid star is the same as the Hilbert ra-

dius rq = 281, it is a gravitational collapsar. In this case (rq = a), the
internal metric of the liquid sphere (1.8) takes the form
1 2 2 :
d?=> 1 L 2dt? 0 e d2+sin?d 2 : (1.16)
4 a2 1 2

a2
This metric, under the particular condition a?= 2> 0 (thus > 0), has
the same form as de Sitter's metric (1.5),

dr?

2
1 3

2
d?= 1 % 2dt? 2 d2+sin2d 2 (1L17)

which describes a spherical distribution of physical vacuum (the - eld).
This means that such a collapsed object, which is a liquid sphere in the
state of gravitational collapse, consists of liquid whose state is cl@sto
the state of high-density physical vacuum.

As a result, the new liquid model allows us to introduce a new clas-
si cation of stars according to the location of the space breaking 6 a
star's eld with respect to the physical surface of the star:

Type I: Regular stars including the Sun
The collapsed core (Hilbert radiusr ) of a regular star is many or-
ders less than the physical radiusa of the star (ry  a). The outer
space breakingrp, of the star's eld is located far away from the
star, in the cosmos €,  a). This, of course, is the list of almost
all the visible stars: super-giants, the Sun, brown dwarfs, and esn
white dwarfs. We will consider regular stars in Chapter 2;

“1 AU=1 :49 10 cm (Astronomical Unit) is the average distance between the
Sun and the Earth.



Object Mass M, | Radius | Hilbert radius 'y Space breaking For Type
gram a, cm rg, cmM a lor, CM a
Red super-giant 4:0 10* | 7.0 10% 59 10° 84 10 8 2:4 10Y 34 10° I
White super-giant¥ | 3:4 10** | 4.8 10% 5.0 10° 1.0 10 ® 4:7 108 9:8 107 I
Sun 2:0 10® | 7.0 10 2.9 10° 41 10 °© 34 10% 4:9 107 I
Jupiter (proto-star) | 1.9 10%*° | 7:1 10° 2:8 107 4.0 10 8 34 10% 4:8 10° I
White dwarf 2 2.0 10® | 6:4 10° 3.0 10° 47 10 4 2:9 10% 0:45 10° I
Red dwarfs 6:7 102 | 2.3 10% 99 10 43 10 8 1:1 10" 4.8 107 I
Brown dwarfs 15 10* | 7.0 10° 2:2 10t 31 10° 4:0 10 57 10° I
Wolf-Rayet stars 1.0 10*® | 1:4 10% 1.5 10 11 10°% 4:3 10% 31 10 la
Neutron stars 2:6 10® | 1.0 10° 39 10° 0:39 1.6 10° 1.6 I
Pulsar 39 10® | 1.6 1¢° 58 10° 0:36 2.7 1¢° 1.7 I
Black holes various various various 1 1 1 1

Betelgeuse. YRigel. *Sirius B. *Radio-pulsar J1903+0327.

Table 1.1: Classi cation of stars according to the General T heory of Relativity. The classi cation is presented
with the numerical values of the parameters we calculated for the typical members of the families of stars.
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Type la: Wolf-Rayet stars
They are almost the same as regular stars, except that the power
ful stellar wind consisting of the particles of the stellar substance,
which are permanently erupted from the star, should be taken
into account (it is the property characterizing Wolf-Rayet stars) .
Stellar wind will be considered in Chapter 3;

Type Il: Neutron stars and pulsars

For such a star, the radius of the collapsed core is close to the
physical radius of the star (4. a) but does not reach it (other-
wise the star would be invisible for observation). The outer space
breaking rp,, of the star's eld is located in the outer cosmos, and
is also close to the physical surface of the star but does not reaéh
(ror & @). Also, stars of this Type Il rotate at high speeds which
are close to relativistic velocities. As a result, the metric and
energy-momentum tensor of such a star di er from those of regu
lar stars. These are neutron stars and pulsars. We will focus on
these stars in Chapter 4;

Type llI: Black holes

The Hilbert radius ry (radius of the inner space breaking) and
the radius of the outer space breakingr,, of a such an object
meet each other on its physical surfacerg = ryr = a). These are
gravitational collapsars: the condition of gravitational collapse
(900 =0) occurs in the physical surface of such an object, so all of
its mass is concentrated within the collapsed surface. Black holes
will be under focus in Chapter 5 of the book.

This classi cation is presented in Table 1.1, with the numerical values &
the parameters calculated for the typical members of the knowndmilies
of stars.

The new model of liquid stars according to the General Theory of
Relativity, surveyed in the classi cation of stars, will be a subject to
develop in the upcoming chapters.

81.3 physically observable quantities

Before considering stars in terms of the General Theory of Relatiiy, we
shall outline a theory of physically observable quantities in curved far-
dimensional space (space-time). A comprehensive expisition of theaid
physically observable quantities has already been given in the resptie
chapters of our books [18,19]. We now give the necessary theoicl
basics of the theory of physically observable quantities accordinga [19],
with some amendments which are required for the current study.
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In order to build a descriptive picture of any physical theory, we
need to express the results through real physical quantities, wich can be
measured in experiments physically observable quantities In the Gen-
eral Theory of Relativity, this problem is not a trivial one at all, becau se
we are looking at objects in a four-dimensional space-time, and soeav
have to determine which components of the associated four-dimesional
tensor quantities are truly physically observable.

Here is the problem in a nutshell. All equations in the General
Theory of Relativity are cast in generally covariant form, which does
not depend on our choice of the frame of reference. The equatisnas
well as the variables they contain, are four-dimensional. Thus, we sk,
which of those four-dimensional variables are truly observable in ral
physical experiments, i.e. which components are true physically olesv-
able quantities? Intuitively we might, at rst glance, easily assume that
the three-dimensional components of a four-dimensional tensozonsti-
tute a physically observable quantity. Yet, at the same time, we camot
be absolutely sure that what we simply observe are truly the three-
dimensional componentser sg if not more complicated variables which
depend on other factors, e.g. on the properties of the physicatandards
of the space of reference.

As is known, a four-dimensional vector (a 1st-rank tensor) has afew
as 4 components (1 time component and 3 spatial components). Arel-
rank tensor, e.g. a rotation or deformation tensor, has 16 compeents: 1
time component, 9 spatial components, and 6 mixed (time-space)an-
ponents. Now, are the mixed components truly physically observale
guantities? Tensors of higher ranks have even more component$or
instance the Riemann-Christo el curvature tensor has 256 compnents,
so the problem of the heuristic recognition of genuine physically ob-
servable components becomes far more complicated. Besides, thds
an obstacle related to the recognition of the observable componés of
covariant tensors (in which indices occupy the lower position) and of
mixed-type tensors, which have both lower and upper indices.

We see that the recognition of physically observable quantities in the
General Theory of Relativity is not a trivial problem. Ideally we would
like to have a mathematical technique to calculate physically observhle
guantities for tensors of any given ranksunambiguously

Numerous attempts to develop such a mathematical method were
made in the 1930's by some of the most outstanding researchers thfat
time. The goal was nearly attained by Landau and Lifshitz in their fa-
mous The Classical Theory of Fields[20], rst published in Russian in
1939. Aside for discussing the problem of physically observable quén
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ties itself, in 884 of their book, they introduced the interval of physically
observable time along with the phsyically observable three-dimensica
interval, which depend on the physical properties (physical stanerds)
of the space of reference of an observer. But all such attemptsiade in
the 1930's were very limited to just solving certain particular problems.
None of them led to a versatile mathematical apparatus.

A most complete mathematical apparatus for calculating physically
observable quantities in a four-dimensional pseudo-Riemannian spa
was rstintroduced by Abraham Zelmanov and is known as thetheory of
chronometric invariants, or the chronometrically invariant formalism .
It was rst presented in 1944 in his Ph.D. thesis [21] | then in his
condensed papers of 1956{1957 [22, 23].

The essence of Zelmanov's mathematical apparatus of physically eb
servable quantities (chronometric invariants), designed especiallyfor
the four-dimensional, curved, non-uniform pseudo-Riemannian sace
(space-time), is as follows.

At any point of the space-time we can place a three-dimensional
spatial section x° = ct= const (three-dimensional space) orthogonal to
a giventime line x' = const. If a spatial section is everywhere orthogonal
to the time lines, which pierce it at each point, such a space is referge
to as holonomic. Otherwise, if the spatial section is non-orthogonal
everywhere to the aforementioned time lines, the space is refemleo as
non-holonomic.

Possible frames of reference of a real observer include a coordiea
net spanned over a real physical body (the reference body of thob-
server, which is located near him) and a real clock located at each frat
of the coordinate net. Both the coordinate net and clock represet a set
of real references to which the observer refers his observatisn There-
fore, physically observable quantities registered by an observersuld
be the result of a projection of four-dimensional quantities onto he time
line and onto the spatial section of the observer.

The operator of projection onto the time line of an observer is the
world-vector of four-dimensional velocity

dx

b = —

ds

of his reference body with respect to him. This world-vector is tangntial

to the world-line of the observer at each point of his world-trajectory,
so this is a unit-length vector

(1.18)

bb =g —— =2 """ -4 (1.19)
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The operator of projection onto the spatial section of the obsever (his
local three-dimensional space) is determined as a four-dimensiohsym-
metric tensor h , which is

h = g +bb g
h = g +bb S: (1.20)
h = g+bb '

The world-vector b and the world-tensor h  are orthogonal to each
other. Mathematically this means that their common contraction is zero
(h b =0,h b=0,h b =0, h b =0). So, the main properties of
the operators of projection onto the time line and the spatial secton of
the observer are commonly expressed, obviously, as follows:

bb=+1; hb=0: (1.21)

If the observer rests with respect to his reference object (sica case
is known as the accompanying frame of referency, then b =0 in his
reference frame. The coordinate nets of the same spatial secticare
connected to each other through the transformations

X_O - 'XO XO. Xl. X2. X3 2
@ . (1.22)
@R’

where the third equation displays the fact that the spatial coordinates in
the tilde-marked net are independent of the time of the non-tilded ret,

which is equivalent to a coordinate net where the lines of time are xed
x| = const at any point. The transformation of the spatial coordinates
is nothing but a transition from one coordinate net to another within

the same spatial section. The transformation of time means charigg

the whole set of clocks, so this is a transition to another spatial sdon

(another three-dimensional space of reference). In practicehis means
replacement of one reference body with all of its physical refereres with
another reference body that has its own physical references. 8 when

using di erent references, the observer will obtain di erent results (other

observable quantities). Therefore, the physically observable prctions
in an accompanying frame of reference should be invariant with resgct
to the transformation of time, which implies invariance with respect
to the transformations (1.22). In other words, such quantities $would

possess the property othronometric invariance.

w o= x xExZx3
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We therefore refer to the physically observable quantities deterrmed
in an accompanying frame of reference ashronometrically invariant
guantities, or chronometric invariants in short.

The tensor h  of projection, being considered in the space of a
frame of reference accompanying an observer, possesses atbpmrties
attributed to the fundamental metric tensor, namely

0 1
1 00

hi hk = K po= k; k=@0 1 0A; (1.23)
0 01

where K is the unit three-dimensional tensof. Therefore, in the accom-
panying frame of reference the three-dimensional tensany can lift or
lower indices in chronometrically invariant quantities.
So in the accompanying frame of reference the main properties of

the operators of projection are

bb =+1; h'b=0; hht= [ (1.24)
Calculate the components of the operators of projection in the acom-
panying frame of reference. The component® comes from the obvious
conditonb b =g b b =1, which in the accompanying frame of ref-
erence P =0) is b b = goob’’ =1. This component, in common with
the remaining components ofb , is

1 » 9
K = S b=0 E
o 6 3 (1.25)
=0 b =" 0o h=gib=13%,S
Yoo
while the components ofh  are
1 9
hoo =0 ; h®= g%+ —; h§=0 %
Qoo
hoi =0 ; ho' = g% ho= =0 2
: (1.26)
hio=0: hio= go; ho = dio
’ ' ' oo
hi = gi+ 2R pio = g, he= &= k-

Joo

*This tensor ,k is the three-dimensional part of the four-dimensional unit  ten-

sor , which can be used to replace indices in four-dimensional qu antities.
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Zelmanov created a comprehensive mathematical method for thead-
culation of the chronometrically invariant (physically observable) pro-
jections of any generally covariant (four-dimensional) tensor quatity,
and set it forth as a theorem (we refer to it asZelmanov's theoren):

Zelmanov's theorem
Assume that QP are the components of the four-dimensional
tensor Qqg-..o Of the r-th rank, in which all upper indices are not
zero, while all m lower indices are zero. Then, the quantities

L :(900) z i(I)((:)::::F:)O (1-27)

constitute a chronometrically invariant three-dimensional contra-
variant tensor of (r  m)-th rank. Hence the tensor TP s a re-
sult of m-fold projection onto the time line by the indices ; :::
and onto the spatial section byr m the indices ; ::: of the
initial tensor Q ::
According to the theorem, the chronometrically invariant (physically
observable) projections of a four-dimensional vectoQ are

bQ =p22; hQ =Q (1.28)
Joo
while the chr.inv.-projections of a symmetric tensor of the 2nd rankQ
are the following quantities:

bbQ =%; h' bQ =pQ—L; hihkQ = Qk: (1.29)
Goo Goo
The chr.inv.-projections of a four-dimensional coordinate intervd

dx are the interval of the physically observable time
d = Poodt+ Cﬁg"éjdxi; (1.30)
00

and the interval of the observable coordinatesdx’ which are the same as
the spatial coordinates. The physically observable velocity of a paicle
is the three-dimensional chr.inv.-vector

p_oax

q
which at isotropic trajectories becomes the three-dimensional ahinv.-
vector of the physically observable velocity of light

ci=vi=(;i; Gc = hycdc =% (1.32)

vivl = hy vivk =v?2; (1.31)
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Chronometrically projecting the covariant or contravariant fund a-
mental metric tensor onto the spatial section of an accompanyingrame
of reference f =0)

9

hi hy g
hi hk g

Ok bhbc= hi

o _ I (1.33)
g|k b = g|k - hk

we obtain that the chr.inv.-quantity
hik = ok + bbb (1.34)

is the chr.inv.-metric tensor (the observable metric tensoy), using which
we can lift and lower indices of any three-dimensional chr.inv.-tensdal
object in the accompanying frame of reference. The contravariat and
mixed components of the observable metric tensor are, obviously,

hk = gk: hi= g = |: (1.35)

Expressingg through the de nitonof h = g +b b, we ob-
tain the formula for the four-dimensional interval

ds?=bb dx dx h dx dx ; (1.36)

expressed through the operators of projectiob and h . In this for-
mulab dx =cd ,sothe rsttermis b b dx dx = cd 2. The second
term h dx dx =d 2 in the accompanying frame of reference is the
square of the observable three-dimensional interval

d 2= hy dx'dxk: (1.37)

Thus, the four-dimensional interval, represented through the ghysically
observable quantities, is

ds?=c?d 2 d 2 (1.38)

The main physically observable properties attributed to the accom-
panying space of reference were deduced by Zelmanov in the framerk
of the theory, in particular | proceeding from the property of non -
commutativity (non-zero di erence between the mixed 2nd derivatives
with respect to the coordinates)

@ @ _1_ @

@x@t @t@x @' @t (1:39)

*This is due to the factthat h  in the accompanying frame of reference possesses
all properties of the fundamental metric tensor g
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@ @ 2 @

@x@% @x@x 2 @t (1.40)
where the chr.inv.-operators of di erentiation of Zelmanov are
@ 1 @. @ @ o @ (L.41)

@t "go@ @k @X gw@R

The rst two physically observable properties are characterized ly
the following three-dimensional chr.inv.-quantities: the vector of the
gravitational inertial force F; and the antisymmetric tensor of the an-
gular velocities of rotation of the space of referencé which are

1 @ v

Fi=p—= — — 1.42
I Jo @x @t (1.42)
1 @v a@v 1

Ak == — — +=— Fiw Fv: 1.43

ik 2 @X @k 22 i Vk k Vi ( )
Here w andv; characterize the body of reference and the reference space.

These are the gravitational potential

_ w _
w=2a ey 1 5=Pa; (1.44)
and the linear velocity of rotation of the space
) ) ) 9
v = Cpgo—'_; vi= cdPaw 2
Yoo S (1.45)
Vi = hi vk; V2 = vvk = hy vive

We note that w and v; do not possess the property of chronometric
invariance, despitev; = hy v can be obtained as for a chr.inv.-quantity,
through lowering the index by the chr.inv.-metric tensor hj .

Zelmanov also found that the chr.inv.-quantities F; and Ay are
linked to each other by two identities (Zelmanov's identities)

@A + 1 @k @F

@t 2 @k @%

@/&_m + @ Avi + @A + 1
@% @% @xr 2

In the framework of quasi-Newtonian approximation, i.e. in a weak
gravitational eld at velocities much lower than the velocity of light an d

=0; (1.46)

FiAkm + FkAmi + FmAx =0: (1.47)
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in the absence of rotation of spacelF; becomes a regular non-relativistic
gravitational force F; = @

Zelmanov also proved the following theorem setting up the condition
of holonomity of space:

Zelmanov's theorem on holonomity of space
Identical equality of the tensor Aj to zero in a four-dimensional
region of space (space-time) is the necessary and su cient condi-
tion for the spatial sections to be everywhere orthogonal to the
time lines in this region.

in other words, the necessary and su cient condition of holonomity of
a space should be achieved by equating to zero the tenséis, . Naturally,
if the spatial sections are everywhere orthogonal to the time linegin
such a case the space is holonomic), the quantitiegy; are zero. Since
Ooi =0, we havev; =0 and Aj =0. Therefore, we will also refer to the
tensor A as the space non-holonomity tensor

If the conditions F; =0 and Ajx =0 are met in common somewhere
in the space, the conditionsgg =1 and goi =0 are as well true therein.
In such a region, according to (1.30),d = dt: the di erence between
the coordinate time t and the physically observable time disappears
in the absence of gravitational elds and rotation of the space. Inother
words, according to the theory of chronometric invariants, the d erence
between the coordinate timet and the physically observable time
originates in both gravitation and rotation attributed to the space of
reference of the observer (the local space of the Earth in the s& of an
Earth-bound observer), or in each of these physical factors garately.

On the other hand, it is doubtful to nd such a region of the Universe
wherein gravitational elds or rotation of the background space would
be absent in clear. Therefore, in practice the physically observabléme

and the coordinate timet di er from each other. This means that the
real space of our Universe is non-holonomic, and is lled with a grav-
itational eld, while a holonomic space free of gravitation can be only
a local approximation to it.

The condition of holonomity of a space (space-time) is linked directly
to the problem of integrability of time in it. The formula for the interva |
of the physically observable time (1.30) has no integrating multiplier.
In other words, this formula cannot be reduced to the form

d = Adt; (1.48)

where the multiplier A depends on onlyt and x': in a non-holonomic
space the formula (1.30) has non-zero second term, depending dhe
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coordinate interval dx' and go;. In a holonomic spaceAj =0, S0 gy =0
In such a case, the second term of (1.30) is zero, while the rst tan is
the elementary interval of time dt with an integrating multiplier

A=Poo=f x%x ; (1.49)
so we are allowed to write the integral
Z
d = Pgodt: (1.50)

Hence time is integrable in a holonomic spaceAjx =0), while it cannot
be integrated in the case where the space is non-holonomiéf 6 0). In
the case where time is integrable (a holonomic space), we can synaar
nize the clocks in two distantly located points of the space by moving
a control clock along the path between these two points. In the cae
where time cannot be integrated (a non-holonomic space), syncbniza-
tion of clocks in two distant points is impossible in principle: the larger
the distance between these two points is, the more the deviation dime
on these clocks is.

The space of our planet, the Earth, is non-holonomic due to the
daily rotation of it around the Earth's axis. Hence two clocks located at
di erent points of the surface of the Earth should manifest a deviaion
between the intervals of time registered on each of them. The large
the distance between these clocks is, the larger the deviation of th
physically observable time (expected to be registered on them) is. fis
e ect was surely veri ed by the well-known Hafele-Keating experiment
[24{27] concerned with displacing standard atomic clocks by an airplae
around the terrestrial globe, where rotation of the Earth's spac sensibly
changed the measured time. During a ight along the Earth's rotation,
the observer's space on board of the airplane had more rotation tn
the space of the observer who stayed xed on the ground. Duringa
ight against the Earth's rotation it was vice versa. An atomic clock
on board of the airplane showed a signi cant deviation of the obsered
time depending on the velocity of rotation of space.

Because synchronization of clocks at di erent locations on the sur
face of the Earth is a highly important problem in marine navigation
and also aviation, in an early time de-synchronization corrections wee
introduced as tables of the empirically obtained corrections which t&e
the Earth's rotation into account. Now, thanks to the theory of ¢ hrono-
metric invariants, we know the origin of these corrections, and areable
to calculate them on the basis of the General Theory of Relativity.



30 Chapter 1 Problem Statement

In addition to gravitation and rotation, the reference body can de-
form, changing its coordinate nets with time. This fact should also be
taken into account in measurements. This can be done by introducig
into the equations the three-dimensional symmetric chr.inv.-tenso of
the rate of deformation of the space of reference

9
~_ 1 ©@h
le—z—@t g
w_ 1@K . 1.51
Dk = T . § (1.51)
D:h"‘Dikz%; h = det khy k

The regular Christo el symbols of the 2nd rank () and the 1st
rank (. )

1 @g+@g @g

are linked to the respectivechr.inv.-Christo el symbols
C_wm _lim @k, @ @R
jk = h jkm = 2h @k + @X @R (1'53)

which are determined similarly to . The only di erence is that here,
instead of the fundamental metric tensorg , the chr.inv.-metric ten-
sor hi is used. The Christo el symbols characterize the property of
inhomogeneity of space.

The components of the regular Christo el symbols are linked to the
other chr.inv.-chractersitics of the accompanying space of refence by
the following relations:

i
Jok 00

DI+ A/ = p=— L =0 . (1.54)
Joo Joo
k
= © %o (1.55)
Joo

gi gk m — hiqhks m .

m: (1.56)

We now express the chr.inv.-Christo el symbols through the chr.inv.-
properties of the accompanying space of reference. Expressitige com-
ponentsg and the rst derivatives from g through F;, Ai, D, w,
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and v;, after some algebra we obtain

1 W @v
0:0= 3 1 2 @t; (1.57)
1 w 2 1 @v
== 1 Fi Vi — 1.58
00;i C2 C2 | 04 | @t ( )
1 W @
0;0= 2 1 2 @k’ (1.59)
1 w 1 1 @v
o = g 1 2 Dj + Aj + C_zFlV' + @Vj @( (1.60)
1 w 1 @y, @v 1 .
o=t 1l @ Pz gxtex fze VTRV ¢ 16D
1 1 @y @v
ik = ik Tz ViAot VAt 5k @—Z*' @K
1 1 .
@Vk FiVj + F]Vi + ngVi Vi (1.62)
" #
1 1 @ w
o - * 2+ 1 Z wEX - 1.63
00 3 1 ﬂz @t 2 k ) ( )
C
1 w 2
kK — k.
0= =z 1 2 F* (1.64)
" #
1 1 a@v 1
0 k k k.
0= 2 1 %@+ vk D+ A+ C_zvi': ; (1.65)
(o3
1 w 1
k = 13 DK+ Ak + ?ViFk ; (1.66)
1
0 —
0= = Dj+ =y
! cl ‘C"'—z e
n n n n 1 n
Vj Di + Ai +Vi D] +Aj + ?V|VJF +
1 @v, Oy 1 :
> —@X + @( 22 Fivi + v 'T Vn o (1.67)
K= Kk 1oy DK+ AK +y DE+AS + Sy FK : (168
i 0 g Vi DA Vi D+ A 2 ViV : (1.68)



32 Chapter 1 Problem Statement

Zelmanov also deduced formulae for the chr.inv.-projections of the
Riemann-Christo el curvature tensor. He followed the same proedure
by which the Riemann-Christo el tensor was built proceeding from the
non-commutativity of the second derivatives of an arbitrary vector Q
taken in the given space. Taking the non-commutativity of the secad
chr.inv.-derivatives of an arbitrary vector

ri reQ rkfiQ|:%%tD

where the chr.inv.-covariant di erential from the vector is

+H Qs (1.69)

reQldxk = dQ' + |, QXdx'; (1.70)
he obtained the chr.inv.-tensor
2 @ ] @ ) j j
Hid = @k” —@; + 0 km Hoim (1.71)

which is like Schouten's tensor in the theory of non-holonomic mani-
folds [28]. The tensorH,;/ diers from the Riemann-Christo el tensor
R due to the presence of space rotatiol\ in the formula (1.69).
Nevertheless, its generalization gives the chr.inv.-tensor

1
Ciij = Z(Hlkij Hjii + Hiji  Hik ); (1.72)

which possesses all the algebraic properties of the Riemann-Chrésel
tensor in this three-dimensional space. Therefore, Zelmanov calieCiy
the chr.inv.-curvature tensor, which actually is the tensor of the phys-
ically observable curvature of the three-dimensional spatial sedbn of
the observer. Its contraction step-by-step

Cy = Cy' = "™ Cimj ; C= ij = hlcy (1.73)

gives the chr.inv.-scalar C which is the observable three-dimensional
curvature of this space.
The tensor Hy; is connected with the curvature tensorCy; by

2Ai Dy + Ajj D + Ak Dy +
+ Ay Dij + Aji Djk . (1.74)

1
c2

Hikij = Cikij +

The contracted tensorsHy = H;' and Cx = C,;' are connected as

1
Hik = Ck + =

2 Ay D|j + Aj Df; + AyD (1.75)
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In a particular case where the space does not rotateH; and Cy; are
the same. This is__as well true forH and C . In this particular case,
the tensor Cy = hY Cy; has the form

P _ p_

_ @ @n h ! . an'n
G = @% @k @k o km K @r (1.76)
The Riemann-Christo el tensor R , being a two-pair symmetric

tensor (its paired indices are non-symmetric inside each pair, while th
pairs are symmetric with respect to each other), has three chr.inv
projections according to formula (1.29) of the chronometrically invariant
formalism. They are as follows:

. Rk ) R ik ) )
Xk = 200 vyik = ¢l zHK =¢2RK .. (1.77)
Goo Joo
Substituting the necessary components of the Riemann-Christoel ten-
sor R into the formulae for its chr.inv.-projections (1.77), and by
lowering indices, Zelmanov obtained the formulae
@
Xj = —@Ei Di+A' Dj+A; +
1
+ rifg+ rjF C—ZFiFJ; (1.78)
2
Yik = i D + Aj ri Dk + Ak + C_ZAij Fk; (2.79)

Zikj = DDy DiDyg + A Aj
Ail Ay +2A5 Ay CZCik”' ; (1.80)

where Yjik y = Yijk + Yji + Yij =0 just like in the Riemann-Christo el
tensor. Contraction of the observable spatial projectionZiq step-by-
step asZ; = hki Zikj and Z = h' Z;y gives

Zi = Dik le DiD + Ai Alk + 2 Aik Ak| 2Ci ; (1.81)
Z=nh'z, =DyDk D2 AxAk cC: (1.82)

At the end of our survey of the chronometrically invariant formalism,
consider Einstein's eld equations’

R %g R= {T +g : (1.83)

*The left-hand side of the eld equations (1.83) is often refe rred to as the Einstein
tensor G =R %g R, innotaton G = {T + g
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The eld equations, except for the fundamental metric tensorg , in-
clude:R =R is Ricci's tensor (the second-rank symmetric tensor
coming from contraction of the Riemann-Christo el curvature te nsor),
R=g R s the curvature scalar, { = £3-=18:6 10 % cm/gram
is Einstein's constant of gravitation, G=6:672 10 & cm3/gram sec
is Gauss' constant of gravitation, T  is the energy-momentum tensor
of the matter distributed in the space, and [cm 2] that describes
physical vacuum (see85.2 of the book [18]).

Landau and Lifshitz [20] use{ = £%- instead of { = £3- as used by
Zelmanov. To understand the reason, se{ = Bcf as in our study, and

consider the chr.inv.-projections of the energy-momentum tensio

. i . .
= o o gl gk 2Tk, (1.84)
Goo o0

which come with formula (1.29) as the projections of any second-nek
symmetric tensor. They have the following physical meaning: is the
observable density of mass)' is the observable density of momentum
and U is the observable stress-tensor Ricci's tensor has dimension
cm 2. This means that the scalar chr.inv.-projection of the eld equa-

tions, %= {g%+ , and the quantity £1® = 8S_ have the same

Yoo c2
dimension which is cm 2. Hence, the energy-momentum tensoiT

has the same dimension as mass density (gram/ct). Therefore, once

we would use{ = Sc‘f‘ on the right-hand side of the eld equations, we
would use not the energy-momentum tensoi  but rather ¢T

The chr.inv.-projections of Einstein's equations (1.83) are calculatd
as those of a second-rank tensor (1.29). They have the form (wefer

to them as the chr.inv.-Einstein equations)

@D . _ 1 _
—@t + Dy DU + Ajl Al + rj gFj F! =
= {5 c?+U + c?; (1.85)
ij ij ij 2 ij = i
ri "D D A +§F1A ={J (1.86)
—@@Qt‘ D; +A; DL+A} +DDyx D;Dl+
i1 1
+3Aj Ak] +§ riF+ rgFi C—ZFiFk CZCik =

= {E Czhik + 2 Uik Uhy + Czhik; (1.87)
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where U = h Uy is the trace of the stress-tensoiUy .
Also, the energy-momentum tensorfT  of distributed matter should
satisfy the law of conservation which is

r T =0: (1.88)

The chr.inv.-projections of the conservation law are calculated ashose
of a rst-rank tensor (1.28). We refer to them as the conservation law
equations The equations have the form

@ 1 . ) 1 :

6t+ D + C_2 D'J UIJ + |6i\]| ? FiJI =0 ) (189)
@3 | byki2 DE+AF I+ BUK FK=0; (L9
@ i i | - ’ ( )

where the chr.inv.-operator € = r C%Fi is created on the basis of
the chr.inv.-di erential operator r; (seeNotations).

Given these de nitions, we can nd how any geometric object of a
given four-dimensional pseudo-Riemannian space (space-time) iswsti-
tuted from the viewpoint of any observer whose location is this spae.
For instance, having any equation obtained in the generally covariah
tensor analysis, we can calculate the chr.inv.-projections of it ontahe
time line and onto the spatial section of any particular body of refer
ence, then formulate the respective chr.inv.-projections in termsof the
physically observable properties of the reference space. This waye will
arrive at fully quali ed equations containing only quantities measurable
in practice.

Thus, we now have all the necessary mathematical \equipment" re
quired for our further development of the mathematical theory of the
internal constitution of stars, and of the sources of stellar enggy, ac-
cording to the General Theory of Relativity.




Chapter 2

Regular Stars and the Sun

§2.1 Introducing the space metric of a regular star. Ein-
stein's eld equations in the form satisfying the metric

In this chapter, we introduce the new mathematical theory of liquid
stars being applied to regular stars. This means Type | of stars in
terms of the new classi cation we have just introduced according b the
General Theory of Relativity (see §1.2, and Table 1.1 therein). It covers
the widest variety of stars, which includes super-giants, sun-like trs
(including the Sun), dwarfs, and, white dwarfs'.

The structure, matter, and eld of a liquid star are characterized
by Schwarzschild's metric of a sphere lled with incompressible liquid.
The metric was originally introduced in 1916 by Karl Schwarzschild [14].
He, however, introduced it in a truncated form containing substartial
limitations: he arti cially pre-imposed these limitations during the de-
duction in order to set the eld free of breaking, thus resulting in the
geometry of the metric space arti cially truncated. In other word s, the
metric introduced by Karl Schwarzschild is not quite the genuine metic
of the space of a liquid sphere. The true metric of a sphere lled with
incompressible liquid, which is free of the said limitations, thus takes
space breaking into account, as deduced in 2009 by one of us [11]12
We now repeat the deduction here, according to the most detailed»
planation [12], along with some recent amendments and comments.

Consider an empty space that houses a spherical island which is a
liquid. The structure, matter, and eld of such an massive island shaild
be characterized by a space metric which possesses spherical syatry.
As is known, all spherically symmetric metrics have the following geneal
form

ds’ = e ?dt> e dr? r2(d 2+sin?d ?); (2.1)

wheree and e are functions ofr and t.
The matter and eld of the spherical island (which is a liquid) should
satisfy Einstein's eld equations (1.83), which in the case under conisl-

*White dwarfs are considered separately in the framework of E  ddington's theory
of gaseous stars.
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eration have the - eld neglected, i.e.

R %g R= {T ; (2.2)

where R is Ricci's curvature tensor, R is the curvature scalar, { =
= % =18:6 10 %8 cm/gram is Einstein's constant of gravitation, and
T is the energy-momentum tensor of the distributed matter (liquid).
The energy-momentum tensor (i.e. the distributed matter) should sat-
isfy the conservation law

wherer s the four-dimensional symbol of covariant di erentiation (see
Notations).

Einstein's eld equations connect the components of the fundamen
tal metric tensor, the space curvature, and distributed matter according
to Riemannian geometry. In other words, the invariant square fom of
Riemannian metric, ds?=g dx dx = inv, in common with Einstein's
eld equations characterize Riemannian spaces (the spaces whogeom-
etry is Riemannian). Concerning the General Theory of Relativity, this
means as follows. Let us have a Riemannian space having a metiis?,
and suggest that matter be distributed in it (thus we suggest a paticular
formula for the energy-momentum tensorT ). Then, the components
of the fundamental metric tensorg  (known from the formula of the
metric ds?) and the components of the suggested energy-momentum ten-
sor, being commonly substituted into (respectively) the left-hand side
and the right-hand side of Einstein's eld equations should transfom
the equations into identities.

This is the way how, on the basis of the general formulae of a spheri-
cally symmetric metric (2.1), to deduce the metric of a sphere lled with
liquid. We take the energy-momentum tensor of a perfect liquid, the
substitute its components into the right-hand side of the eld equations.
Then we take the components of the fundamental metric tensorrbm
the general spherically symmetric metric (2.1) in their general (non
particular) form containing the coe cients e and e . We substitute
the components into the left-hand side of the eld equations. Thenwe
look which form of the coe cients e and e makes the left-hand side of
the eld equations the same as the right-hand side (thus transfoming
the eld equations into identities). Finally, we substitute the obtaine d
particular formulae for the coe cients e and e back into the general
formula of spherically symmetric metrics. Voik! The metric of a sphere
lled with perfect liquid has been obtained.
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One might as well just ask, why did Schwarzschild himself not do
just that? Instead, why did he follow another complicated way, full
of assumptions and suppositions? Well... Let us come back to our
deduction.

As is known, the energy-momentum tensor of a perfect liquid (which
is incompressible and non-viscous) has the form

T = 0Jrcﬂzuu C%g; (2.4)
where = (= constis the density of the liquid (which is constant), p
is the pressure, while
dx
u = o5 uu =1 (2.5)

is the four-dimensional velocity of the liquid ow with respect to the o b-
server (his reference space coincides with the space of the liquidisre,
with the origin of the coordinates located at the center).

Hence forth we express the eld equations in component notations
with the physically observable properties of the space selected.

We see that
)
Qoo = € ; goi =0
) (2.6)
Q= €; Go= r?% gu= r2sin

in the metric of spherically symmetric spaces (2.1). According to the
chronometrically invariant formalism (see §1.3), the gravitational po-
tential in such a space has the following formulation

w=c2 1 e? : (2.7)

Becauseg =0 in the metric, the space does not rotate. Therefore, the
linear velocity of the rotation is v; =0 as well. Hence the chr.inv.-tensor
of the angular velocity of space rotation is zero

A =1 @ @v
k=5 =7 =%

2 @k @%
while the chr.inv.-vector of gravitational inertial force has the form

_ ¢ @ @v _ &
F| - C2 W @( @t - E ’ (29)

1
+ @(Fivk Fkvi)=0; (2.8)

where the prime denotes di erentiation along the radial coordinater.
With these, the chr.inv.-metric tensor hy of the space has the non-
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Zzero components

hiy=e; hyp=r?% hs=r?sin’; (2.10)
1 1
11 — . 22 — . _ .
hi=e | h2= 50 ha= oo (2.11)
h =det khy k= e r*sin® : (2.12)

Thus, the chr.inv.-tensor of the rate of space deformationDjx , has only
the following non-zero components:
Du=—e 7; D¥=Ze z; D= Ze 7; 2.13

1= > > (213)
where the upper dot denotes di erentiation along the time coordinae
t. The chr.inv.-Christo el symbols, which characterize space inhome
geneity, are calculated according to their de nition given in §1.3 with
the components of the chr.inv.-metric tensorhy . After some algebra,
we obtain formulae for the non-zero components of jim

0

— . — . — HV
wi= e 21= 0 31 = rsin”;  (2.14)
122=T; s32= r?sin cos; (2.15)
13:3 = I sin? 23:3 = rsin cos ; (2.16)

and formulae for the non-zero components of Ij

1= 5 L=re ; L= rsinfe ; (217)
2 1 . 2 H .
2= i %53 = sSin cos; (2.18)
3 1 . 3 _ .
3= = 33 =cot : (2.19)

As was shown ing1.3, in a rotation-free space the second-rank chr.inv.-

curvature tensor Cy = hil Cixj , which is the physically observable cur-

vature tensor, has the form (1.76). A rotation-free space is thecase

under consideration. After some algebra, we obtain the non-zergom-

ponents of Cy for the spherically symmetric metric (2.1). They are
0 C33 r 0

Ci= —; Cyp = =e 1 —
1 r 227 Sin? 2

1: (2.20)
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Let us calculate the chr.inv.-projections of the energy-momentum
tensor of a perfect liquid (2.4) according to the associated projetons”
which are (1.84). With B=0 and = s (1.25) which characterize

an accompanying frame of reference (in the case under considém,
the observer accompanies the liquid sphere), we obtain

_Too _ | i CTh kK = 27k = ppk -
—gg— 0, J—ﬁﬁ—o, U = T —ph (221)

wherefrom we also have, folU = hik Uy,
U=3p: (2.22)

The obtained condition J' =0 means that the liquid is free of ow, while
U = ph’ means that the observer's reference frame accompanies the
liquid medium.

The chr.inv.-Einstein equations (1.85{1.87) in a rotation-free space
now take the simpli ed form

%+DHD”+ r C%Fj Fl = {5 o+ U (223
r hip Di =o0: (2.24)
% D; D|j(+DDik Dj D|j<+% riFe+ rF

SRR @Ci= G ofh+2Ui Uhy | (225)

where r; is the symbol of chr.inv.-di erentiation (see Notations). The
chr.inv.-equations of the conservation law (1.89{1.90) also simplify to

1 .
D o+ ? Dij u! =0 ; (2.26)
€ uk  Fk=0; (2.27)

where € = r; ZF; (seeNotations).
Substitute, into the chr.inv.-Einstein equations (2.23{2.25), the chr.

inv.-characteristics of the space we have obtained above for thepheri-
cally symmetric metric (2.1) and also the obtained chr.inv.-componen$

*They are the observable density of mass, , the observable density of momen-
tum, J', and the observable stress-tensor U of the liquid.
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of the energy-momentum tensor of a perfect liquid. After some algbra,
we obtain the chr.inv.-Einstein equations (2.23{2.25) in component ne
tation (the third tensorial equation splits into three, where the second
and third equations remain the same)

I

2 00 20 (02
. — 00 —
e 2t7 ce 2t Tt
= { oP+3pe; (2.28)
F_e 72=0; (2.29)
|
2 00 2 0
.o — _ 00 (O) 202 —_
e 2t7 ¢ 0 gty T
={ o pe; (230
0
Cz(r O)e +2r—221 e ={ o p: (2.31)

The second equation manifests that—=0 in this case. This means that
the inner space of the liquid sphere does not deform: with-=0, we

have D1;=0, D=0, and D =0 according to (2.13). Taking this cir-

cumstance into account, as well as the stationarity of , we reduce the
eld equations (2.28{2.31) to the nal form

e 00 %)_,_ZTO_,_(;))Z ={ oF?+3pe; (2.32)
2cf° 2 oo ;J;’)z S0 o2 pe: (2.33)
T T

To solve the eld equations (2.32{2.34), we need a formula for the
pressurep. To nd the formula, we now deal with the conservation equa-
tions (2.26{2.27). However, due to the absence of space deforti@n in
the case under considerationDj =0), the chr.inv.-scalar conservation
equation (2.26) vanishes. Only the chr.inv.-vectorial conservatiorequa-
tion (2.27) remains. It takes the form

ri ph* o+t — FK=0: (2.35)
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Since r h* =0 is true always (as well asr g =0 for the fundamen-
tal metric tensor), the remaining conservation equation (2.35) rads

@p P

h — + = FK=0: 2.36
@x 0t 2 (2.36)
Because— = % in a rotation-free space, this formula reduces to a

non- tnwaf@equatmn which has the form

0
pe + oFP+p e =0; (2.37)

wherep®= £, 0= 4 e 60. Dividing both parts of (2.37) by e , we

obtain d d
p _ 4.
Fp = 5 (2.38)

which is a plain di erential equation with separable variables. It easily
integrates as
o?+ p=Be 7; B = const: (2.39)

Thus, we obtain the pressurep as a function of , which is
p=Be 7 (¢ (2.40)

In looking for an r-dependent function p(r), we integrate the eld
equations (2.32{2.34). Summarizing (2.32) and (2.33), we nd

02(7(:-’- y) = {Be 7z: (2.41)

Express ©herefrom, then substitute the result into (2.34). We obtain

¥°+2;—‘fe 1 {Be z={ o pe: (2.42)

Substituting p from (2.40) into (2.42), we obtain the following di eren-
tial equation with respect to

e
r

04

{ ore =0: (2.43)

We introduce a new variabley = e . Thus ©°= y70 Substituting into
this equation y and y°, we obtain the Bernoulli equation (see Kamke [29],
Part Ill, Chapter I, §1.34)

yo+ f(r)y*+g(r)y=0; (2.44)
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where 1 1
f0=> {or; o= = (2.45)
It has the following solution:
z
1 f(r)dr
—=E(r ; 2.46
JTEO EG (2.46)
where R
E(r)= e 979" (2.47)
Integrating (2.47), we obtain E (r) which is
Rd; In b L
E(=e "=e "=—; L=const>0; (2.48)

thus we obtain % = e whichis
Z
L
e = —
r

2
Fl { or dr=1 {;r +$; Q = const: (2.49)

| =

To nd Q, we re-write equation (2.42) as

° 1 1

e T r—2 + r—2 = { 0- (250)
This equation has a singularity at the point r = 0, where the numerical
value of the right-hand side term of the equation (the density of the
liquid) grows up to innity by r! O, i.e. at the center of the sphere.
This is a contradiction with the initially assumed condition (= const,
which is speci c to incompressible liquids. As a matter of fact, this
contradiction should not be in the theory. We remove this contradidion
(and the singularity) by re-writting (2.50) in the form

d
e (1 r 9= g re =1 { or? (2.51)
After integration, we obtain
{ or®
re =r 3 + A; A = const: (2.52)

BecauseA =0 at the central point r =0, it should be zero at any other
point as well. Dividing this equation by r 6 0, we obtain

{ orz_

e =1
3

(2.53)
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Comparing this solution with the value e  obtained earlier (2.49),
we see that they meet each other ifQ =0. Besides, we should suggest
that e °=1 at the central point r =0, consequently ¢=0.

Thus we have obtained the componentsh!'=e and h;;=e of
the chr.inv.-metric tensor hy in the form expressed through the radial
coordinater, i.e.

{ or?. = 1.
3 hiy=e = L ot (2.54)
3
Hence forth, we should introduce a boundary condition on the sur-
face of the sphere. We have = a on the surface, wherea is the radius

of the sphere. Thus

hit=e =1

{ oa®
3
On the other hand, the solution of this function is also the mass-poin
solution in emptiness. Hence, we have
2GM
e =2=1 ; 2.56
Za (2.56)
where M is the mass of the sphere. Comparing both these formulae of
e 2, and taking into account that Einstein's constant of gravitation is

=8% 'we nd
C

e =2=1 (2.55)

483 0 _

3
where V = 42 > is the volume of the sphere. Hence, we have obtained

the regular relation between the mass and the volume of a homogeoas
sphere.

Our next step is the look for the solution e  outside the sphere,
wherer>a . Since outside the sphere the density of matter (the liquid)
is o0=0, we obtain, after integration of (2.51),

Z Z

M =

oV; (2.57)

r a 3
re = . dr . { or?dr=r { ;a : (2.58)
We obtain, from this formula, that
3
e =1 { 30ra : (2.59)

Taking (2.55) and (2.56) into account, we arrive at the mass-point ®-
lution in emptiness
2GM

=1
c2r

(2.60)
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45
To obtain  we use equation (2.41). Substituting
2{ or
0_
= — 2.61
T (2.61)

and the obtained formula of e into (2.41), we obtain, after transforma-
tions,

2{ ofz
3

o {B rez _
"Ll @ G0 (262)
3 3
We introduce a new variablee z =y. Thus, 9= ZTVO Substituting
these into (2.62), we obtain the Bernoulli equation
{ or
o, {B ry? 3 Y _q,.
yo+ = =0; (2.63)
2¢? { or? { or?
e
where ( or
{B r 3
fn)s =————; = — 2.64
0= e W= —a @6
3 3
Thus, we have the integral
Z 4 { or S { or?
g(r)dr = % =InN 1 § ;N = const; (2.65)
0
3
where S
2
Er)=N 1 | §r : (2.66)

In the region where the signature conditionh;; = e > 0 is satis ed,
we have
{ or?
1 > 0;
3

therefore we use the modulus of the function here.
Next, we look for ;= €7, which is

(2.67)

_ 7
__{B { orz rdr )
20 3 T e (2.68)
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We obtain, after integration,

r 1
2
e?:{B 3+K 1 {;r

; K = const: (2.69)

N

R,
)
o

We now nd the constants B and K. To nd B, we re-write the formula
of p by the condition that p=0 on the surface of the sphere (= a).
Thus, we obtain

B= oc?e7; (2.70)
where ez is the value of the function ez on the surface. As a result,
we have r !

= { o 2 3 { or?
= — R + .
ez > ez o K 1 3 (2.71)
To nd K, we take the value ofez on the surface ¢ = a)
r |
. _ { oe? 3 { o@
= —+K 1 2.72
We obtain, from this formula, that
1 1

{ o { oa?
1 =
The quantity e means the numerical value ofez by r = a (i.e. on
the surface of the sphere). Therefore, we can apply it to the maspoint
solution in emptiness atr = a, i.e.

r
2

= 1 GZM

cca

_a
2

e

(2.74)

Taking the formulae of ez, (2.55) and (2.56), into account, we obtain
|

0y :
{ or
er=lera@ Pl A
2 1 { oa?
3 I
r r !
1 2GM 2GMr
== 3 1 — 1 — 2.75
2 c?a c2a3 ( )

This formula on tae surface ( 3 a) meets the mass-point solution in

. 2
emptiness:ez = 1 2M - 1 { o&®
c’a 3
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Thus the metric of the space of a sphere lled with perfect liquid is,
since the formulae of and have already been obtained, as follows:
r r Iy

2 2
3 1 Lo g 4 ;r 2t

ds® =

NN
w

dr?

{or?
1

r2 d2+sin?2d 2 : (2.76)

Taking (2.55) and (2.56) into account, we re-write the formula (2.7 as

r r Iy
1 2GM 2GMr 2
ds?=> 3 1 —— 1 ——— c%dt?
4 c?a c?ad
dr? 2 42, an2 4 2
—— r<d“+sin“ d C(2.77)
1 2GMr 2
c2ad
Finally, since 21 = ry is the Hilbert radius calculated according to

the massM of the liquid sphere, while taking the obtained formula of
ez into account, we re-write the metric in the nal form

r r— !y

2
31 8 1 Do g
a a

dr?

1 rerg
a3

1
ds?_‘—1

r2 d2+sin?2d 2 : (2.78)

This is the nal formula for the \inner" metric of the space of a sphere
lled with perfect liquid. As is seen, the \inner" metric completely
coincides with the mass-point metric in emptiness on the surface oftte
liquid sphere (r = a).

Hence forth, we obtain the space metric outside the liquid sphere
(r>a). We have already obtained the \external" solution for e  (2.59),
which coincides with the \external" mass-point solution for this function
(2.60). Outside the sphere,B =0 (2.39). Hence, (2.41) takes the form

°+ 0=0; (2.79)
where, according to (2.60),
o_ 2GM 1

T oe2r2 1 2cM
c2r

(2.80)
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Substituting (2.80) into (2.79) then integrating the resulting equation,

we obtain
2GM

=lh 1 —— +P; P= t; 2.81
n 2 cons ( )
thus »GM
=P 1 2.82
e 2r (2.82)
Since this function is also
2GM
_— 2.83
2 (2.83)

on the surface ¢ = a) of the liquid sphere, we obtain P =1. Having
the obtained formulae fore (2.83) and e (2.60) substituted into the
spherically symmetric metric (2.1), we obtain that the \outer" spac e of
a sphere lled with perfect liquid is described by the mass-point metric
in emptiness (1.1), which is

dr?

2
r

ds2= 1 9 2qi?

- r2 d2+sin?2d 2 : (2.84)
r 1

=

8§2.2 The outer space breaking of the Sun's eld matches
the asteroid strip

Herein we suggest a new model of the Solar System according to the
General Theory of Relativity. Namely | the Sun and the planets will

be considered as liquid spheres according to the metric of a liquid sphe
(2.78) we have obtained in the foregoing. The metric was also shown
in formula (1.8), in 8§1.2 wherein we surveyed the problem statement of
the modelling of a star in terms of the General Theory of Relativity. As
was also proven in the previous82.1, the outer space of a liquid sphere
is described by the mass-point metric in emptiness (1.1).

Note that herein we do not discuss whether the internal planets ca
be represented as liquid spheres or not. Astrophysicists and geaists
may simply appeal to the magma, because it is in the state of liquid
stone. However, the jovian planets (Jupiter, Saturn, Uranus, aad Nep-
tune), according to their density and other parameters, can suely be
considered as stars. Herein, we only limit ourselves to the theoretad
modelling of the Sun and the planets, without an analysis of their origin
or other astrophysical factors. In detail, we focus on the locatio of the
\inner" and \outer" space breaking of their elds: the space breaking
of the eld within and outside the physical body (liquid sphere). Then
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we compare the obtained result with the observed distribution of the
planets within the Solar System.

Our approach to the Solar System is simple. As is known, given
a four-dimensional Riemannian space with a sign-alternating diagonia
metric (+ ), the breaking occurs in that region (point or surface) of
the space wherein at least one of the four signature conditions

9
Qoo > 0 E
Qo011 < 0 - (2.85)
Q00011G22 > 0 E .

0= 00001102203 < 0

is violated. The space (space-time) of the General Theory of Relat-
ity is one of this type of space. We therefore consider the signater
conditions in the space within and outside the liquid Sun.

2.2.1 In the \inner" space metric of a liquid sphere (2.78), while
taking into account that

=== =2 (2.86)

therein’, the fundamental metric tensor has the following non-zero com-
ponents:

1 r r 5 P
r r2r
= — 1 9 1 9 =
Qoo = 7 3 a ad
r ~ T > 'y
1 { oa { or
== 31 1 ; 2.87
4 3 3 ’ ( )
1 1
Ou1 = o T o (2.88)
1 1 ==
G2 = 1% (2.89)
gz = risin® : (2.90)
We obtain, from those components, that at a distance from the cater
of the sphere which is s___ s
ad 3
r=ry= —= -— (2.91)
Iy { o

" See formulae (2.59) and (2.60) in §2.1.
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the second, third, and fourth signature conditions are violated
9
9 r
= - 1 9 >0
Joo I a %

QooG1 ! 1 : (2.92)
OooO11022 !'1
0= Goo011022033! 1

= WA/

This means that the eld of the liquid spherical body has space Brealng
on the spherical surface covering the body at the distance,, = = a3=rg
from its center.

The Hilbert radius rq = 28} (the radius of gravitational collapse)
calculated for regular physical bodies is many orders less than their
physical sizes. Hencea rg for a regular s'gherical liquid body (thus
the body is not a collapsar). Thereforery, = a3—:rgJ a: the spherical
surface of the space breaking of the eld is located far away fromhe
physical surface of the liquid body (the eld source), and hence faaway
from the inner eld. In other words, the inner eld and liquid substan ce
of the body produce breaking in the outer space of the body.

What does the outer space breaking of the eld mean from the phys
ical viewpoint? Has this space breaking a real action on a physical kty
appearing in it, or is it only a mathematical ction? As will be shown
in the next 8.3, the space (space-time) of a liquid sphere possesses
space breaking in its four-dimensional curvature tensorR by the
condition r = rp,. Namely, | the component Rgi1 (2.113), which is
the four-dimensional curvature of the space in the (-t)-direction 0101,
possesses breaking at the distance= ry,, from the center of the liquid
sphere (the curvature function becomes in nite, Rg101 !'1 , on the sur-
face of the radiusr = ry,;). Because the four-curvature determines the
gravitational eld which lIs the space (and vice versa), the breaking at
r = ry, implies breaking in the gravitational eld of the liquid sphere.

This is the physical sense of the outer space breaking of the eld of
a liquid sphere.

2.2.2 The outer eld of a liquid sphere is due to the same liquid
substance, which lIs the sphere and produces the eld within the sphere
itself (its inner eld). According to the \outer" space metric (2.84) ,
we see that the fundamental metric tensor of the outer space tmthe

“Namely | these three functions approach in nity. As is known , a function has
such breaking when approaching in nity.
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following non-zero components

Qoo =1 rTg ; (2.93)
1
Ou = — (2.94)
1+
U2 = 1% (2.95)
gz = r2sin® : (2.96)

We see that at a distance of

__ 2GM
r=rg= 2

(2.97)

from the center of the body, the rst signature condition (gopo> 0) is
violated

r
Qoo =1 Tg=0

NN ©

= 1<0
Joo O11 (2.98)

GooG11G22 = 2> 0

= WA

g= r%sin® <0

In other words, the outer eld of a liquid sphere produces space bgaking
deep within the sphere itself, in its inner space close to the center. df
example, the calculated Hilbert radiusrq = 28/ is only 2.9 km for the
Sun, while for the Earth it is nothing but only 0.88 cm.

2.2.3 Concerning regular stars, and the Sun in particular, the
aforementioned ndings imply the following (as per our new model of

liquid stars according to the General Theory of Relativity):

1. At the center of each star, a small core exists. The core is sep-
arated from the other mass of the star by the said inner space
breaking in the star's eld, at the distance of the Hilbert radius
rq from the center. The inner space breaking means, physically,
that the liquid substance of the star has a singularity on the sur-
face of the Hilbert radius ry from the center, thus the small core
is separated from the major mass (the physical sense of the phe-
nomenon will be more clear from the example of the outer space
breaking in the eld of the Sun);

2. The eld of each star has an outer space breaking surroundingtte
star by a spherical surface. This \bubble" has a very large radius
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of Iy = P ad=rg, which is many orders larger than the physical
radius a of the star. Physically, the outer space breaking impedes
the near substance such as small stones or dust orbiting the star
to be formed as a planet in the orbit of the radiusry, .

Let us now calculate the radius of the guter spage breaking of the
Sun's eld by formula (2.91), which is rp, == a3=rg=" 3={ . Substi-
tute the Sun's density o=1:41 gram/cm?®, or the massM =2:0 103
gram and the radiusa=6:95 10'° cm. We obtain

ry = 3:4 10 cm = 340;000, 000 km = 2:3 AU; (2.99)

where 1 AU=1:49 10'3 cm (Astronomical Unit) is the average distance
between the Sun and the Earth. We obtain that the spherical surice
(bubble) of the outer space breaking of the Sun's eld is located witlin
the asteroid strip, very close to the orbit of the maximal concentration
of asteroids (as is known, the asteroid strip is located, approximagly,
2.1 to 4.3 AU from the Sun).

This truly amazing nding brings us to a conclusion that the internal
constitution of the Solar System can be calculated according to the
liquid model. Namely, | we consider the Sun and the planets as liquid
spheres, then we calculate the outer space breaking, in the eld of
each of the cosmic bodies. The results of the calculation are colleae
altogether in Table 2.1.

These results associated with the planets and the Sun, accordingt
Table 2.1, lead to the next conclusions:

1) The outer space breaking of the Sun's eld is located within the
asteroid strip, near the maximal concentration of asteroids;

2) The internal planets of the Solar System (Mars, the Earth, Verus,
and Mercury) are located within the \bubble" of the outer space
breaking of the Sun's eld;

3) The \bubbles" of the outer space breaking of the eld of each of
the internal planets are as well located within the \bubble" of the
outer space breaking of the Sun's eld;

4) The outer space breaking of the elds of Mars and the Earth
reaches the asteroid strip;

5) The outer space breaking of Mars' eld is located at 2.9 AU from
the Sun. It is within the asteroid strip near the orbit of Phaeton,
the hypothetical planet which was once orbiting the Sun according
to the Titius{Bode law at r =2:8 AU, and whose distraction in
the ancient time gave birth to the asteroid strip;



Object Mass M, Density o, Radius Hilbert radius  Orbit,  Space breaking Location of ry,
gram gram/cm 3 a, cm g, cM AU I » AU from the Sun, AU
Sun 198 10% 1.41 695 10Y 2.9 10° | 2.3 2 :3
Internal planets
Mercury 2:21 10 4.10 236 10° 0.03 0.39 1.3 0:9{1.7
Venus 493 107 5.10 619 108 0.73 0.72 1.2 0:5{1.9
Earth 5:97 107 5.52 638 10° 0.88 1.00 1.1 0:1{2.1
Mars 6:45 107 3.80 344 108 0.10 1.52 1.4 01{2.9
Asteroid strip | | | | 25 | |
Jovian planets
Jupiter 1:90 10% 1.38 711 10° 280 5.20 2.3 2.9{75
Saturn 5:68 10%° 0.72 600 10° 84 9.54 3.2 6.3{12.7
Uranus 8:72 10°® 1.30 255 10° 13 19.2 2.4 16.8{21.6
Neptune 1.03 10%®° 1.20 274 10° 15 30.1 2.4 27.7{32.5
Pluto 1:31 10%® 2.00 120 10° 0.002 39.5 1.9 37.6{41.4
Kuiper belt | [ | | 30{100 [ |

The maximal concentration of the asteroids of the asteroid s trip is registered at
strip continues from 2.1 to 4.3 AU (approximately).

Table 2.1:

2:5AU from the Sun, while the asteroid

The internal constitution of the Solar System acc ording to the General Theory of Relativity.

duis plosaise ay) sjeaw Bupjealq pjaly s,uns ayl 2'zs
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6) The \bubble" of the outer space breaking of Jupiter's eld meets,
from its inner side, that of Mars at r =2:9 AU from the Sun (this
is the case of the \parade of the planets"). It is very near 2.8 AU,
which is the theoretical orbit of Phaeton according to the Titius-
Bode law;

7) The \bubbles" of the outer space breaking of the eld of the other
jovian planets (Saturn, Uranus, and Neptune) are located within
the inner boundary of the Kuiper belt (the strip of the aphelia of
the comets orbiting the Sun);

8) The outer space breaking of Neptune's eld meets, from the ougr
side of the \bubble", the inner boundary of the Kuiper belt;

9) The \bubble" of the outer space breaking of the eld of Pluto is
completely located within the Kuiper belt.

The fact that the outer space breaking of the Sun's eld is located
within the asteroid strip, near the maximal concentration of asteroids,
allows us to say: yes, the space breaking considered in this study ha
a real physical meaning. Probably, the Sun's space breaking impede
asteroids to be joined into a common physical body (one refers to it
as Phaeton). Alternatively, if Phaeton was an already existing planet
orbiting the Sun near the \space breaking orbit" in the past, the force
of gravitation of another massive cosmic body, emerging near thedar
System in the ancient ages (for example, another star passing nei),
has displaced Phaeton to the \space breaking orbit" near it, thus leading
to the distraction of Phaeton's body.

Thus the internal constitution of the Solar System is formed by the
geometric structure of the Sun's eld according to Riemannian georetry
as manifest within the laws of the General Theory of Relativity.

§2.3 The geometric sense of the outer space breaking

Consider the properties of the curvature of the space of a liquid Spere.
First, let us calculate the components of the chr.inv.-curvature tensor
Cuij , which is the physically observable curvature tensor of the space.
In a rotation-free space A =0), which is the space of a liquid sphere
under consideration,Cy; = Hyj according to the de nition of the ten-
sorHy; (1.74). Therefore, we calculateCyj = Hiij = hjm Hjii™ by the
formula of Hi™ (1.71), wherein we substitute the respective chr.inv.-
Christo el symbols }k (2.17{2.19) already obtained for the metric of
a liquid sphere (2.78). After some algebra, we obtain that the chr.inv-
curvature tensor Cyg in the space of a liquid sphere has the following



§2.3 The geometric sense of the outer space breaking 55

non-zero components:

r2
Ci212 = Hiz12 = {?0 = (2.100)
1 Lo
3
r2 sin?
Ci1313 = Hiziz = {?0 =~ (2.101)
1 { or
3
Ca323 = Hozos = {?0 résin? : (2.102)

We see that, in the space of a liquid sphere, the non-zero comporisn
of the observable space curvature tensoCy; satisfy the condition

Cij = {To(hklhij hii hyg ) (2.103)

where the negative constant 13—0 is the observable three-dimensional
curvature of the space in the respective two-dimensional directin. This
means that the three-dimensional spaceof a non-rotating liquid sphere
has aconstant negative curvature Calculating the observable curvature
scalar C = h* Cy, where the non-zero components o€y are

_ A o 1
Cu = 3 71 o (2.104)
3
2 2
Cy = C323 = { of ; (2105)
sin 3
we obtain
C= 2{ o= const<O: (2.106)

Hence, according to (2.103), the chr.inv.-curvature tensorCy; is ex-
pressed through the observable curvature scala€ as

C
Cij = 5 (hihij  hihyg): (2.107)

Thus, the observable three-dimensional space of a non-rotatinignuid
sphere is aconstant negative curvature space Therefore, the curvature
radius < of the three-dimensional space is imaginary. It is formulated
through the observable curvature scalarC by the relation

1 .

C= 2{ 0=<2,

(2.108)
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thus we obtain, nally, _
i
<= : 2.109
Ao (2109
Let us calculate the components of the full Riemann-Christo el cur-
vature tensor

= .1 @ ., @g @g @g
2 @xX @X@Xx @x@x @x@x
+9 ( ; ; ;) (2.110)
According to the metric of a liquid sphere (2.78), we havegx = hy and
ij = ij - Thus, calculating the non-zero components of .
a { oa? a { or?
r3 1 2 1 :
01,0 = 00,1 = Lo = (2.111)
12 1 { or?
3
11;1 = {or ! (2.112)

3 (o2 2’
1 =

and substituting these into (2.110), we obtain

{ oa? { or?
{ 0 3 1 3 1 3
R = - g ; 2.113
0101 7 g . Lo ( )
3
r2
Ri212 = {—0 = Cua2; (2.114)
3 1 { or?
3
r2sin’
Riz13 = {—0 =  Ciai13; (2.115)
3 1 { or?
3
Ro323 = {TO rtsin? = Cos3o3: (2.116)

We see that the componentRgi01, determining the four-dimensional
curvature in the (r-t)-direction 0101, does not satisfy the condition of
four-dimensional constant curvature spaces which is

R =Q(g ¢ g g ); Q = const: (2.117)

Therefore, we arrive at the following conclusion:
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" The four-dimensional spaceof a non-rotating liquid sphere is not
a constant curvature space. This is in contrast to theobservable
three-dimensional spaceof the liquid sphere which, as was proven
above, is aconstant negative curvature space
We see also, from the formulae forCiz, (2.100) and Ciziz (2.101),

that the three-dimensional observable curvatureCij possesses space
breaking

Cpp!l Cizz! 1 (2.118)
by the conditon r=ry,, = 35 ¢ = P as=rq. By the same condition
r = ryr, according to the formula for Rp101 (2.113), we have

Roior ' 1 : (2119)

In other words, the three-dimensional chr.inv.-curvature Cyq; and the

four-dimensional Riemannian curvature R have space breaking by

the condition r = ry,,. Concerning the model of liquid stars, this means:
" In the eld of each star, the three-dimensional observable space

curvature Cjg; and the four-dimensional Riemannian curvature
R have common space breaking on the spherical surface at

the distancer=r,, = 3={ o= a3=rg from the star.

This is the geometric sense of the outer space breaking of the eldfo
a star (in the framework of the liquid model under consideration).

82.4 The force of gravity acting inside a liquid star

In a rotation-free space, according to the de nition of the gravitational
inertial force (1.42), the force is only due toggy (which is determined
by the gravitational potential w). Let us calculate that force. Since the
gravitational potential is w= c¢(1 TJoo), We obtain

@v ¢ Q@@ .

— = = 2.120
@x 2" Goo @x% ( )
In the \inner" metric of a non-rotating liquid sphere (2.76),
r o r o Iy
1 od of
= - 1 1 2121
Qo= 7 3 3 3 : ( )
or, in the same metric written in the other form (2.78),
r r 72! 2
1
oo=- 31 38 1 Ul (2.122)

4 a as
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We therefore obtain that the force acting inside it is

{ Oczr 1 .
Fi= 3 q — g — g — (2.123)
31 L 1 L2 1 L
q
2
c2r 1 L
Fl_ {% G g —; (2.124)
31 Y2 1 L2
or, in the other form,
CGryr 1
Fi= a§’ q q ——q —;  (2.125)
31 = 1 o1 T
a as as
qiz
1 rgr
Fi= Crel g =Y : (2.126)
3 2
31 1y

This is a force of attraction: sincer<a inside the sphere,F;1< 0
therein. The force is proportional to distancer. Its numerical value is
zero at the center of the sphere, then it increases with distancepio its
ultimate-high value on the surface of the star (wherer = a)

_ { 002a 1 _ czrg 1
(Fl)r=a - 6 1 { gaz - 232 1 g ’ (2127)
a
(F)r=a= 5 - 22 (2.128)

§2.5 Solving the conservation law equations: pressure and
density inside the stars

Consider now the pressurgp and density ¢ inside a regular liquid star.
A formula connecting pressure and density inside a medium is the equa
tion of state. It follows as a solution of the conservation law equatims.
We have now already obtained almost all that is needed for the
formula. In 8.1, we solved the conservation law equations with the
energy-momentum tensor of a perfect liquid (2.4), which points to he
substance of liquid stars. After substitution of the physically obsevable
components (2.21) of the energy-momentum tensor, the generaqua-
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tions of the conservation law (1.89{1.90) take the particular form (2.26{
2.27). In a non-deforming (static) space such as the space of agelar
star, only the vectorial conservation equation remains non-vaniking. It
has the form (2.36). The equation is solved as the formula (2.40)

p=Be 7 (¢ (2.129)

Now, substituting the already found integration constant B (2.70)
and function ez (2.75) into p (2.129), we obtain the nal solution con-
necting pressurep and density ¢ inside a regular star

p= o —¢ g ; (2.130)

Find the pressure in the near-surface layer of a star. The constd
{ =18:6 10 28 cm/g is a very small value, while ¢=1:4 gram/cm? for
the Sun, the yellow dwarf, and is much less than that for larger stas.
Therefore,{ (a? is much smaller than 1 for even very large stars. For
instance, for Betelgeuse, which is one of the largest red super-gie:
M =4:0 10* gram,a=7:0 10 cm, ¢=2:8 10 & gram/cm?3. In this
case, we havd (a?=2:6 10 ’. As a result, we have, for the values of
r and a, r

{ or?

2
1 g Lo,

3 6

Thus, after some algebra, we obtain the approximate formula for he
pressurep inside a regular star. It is

202 a2 r2 GM 2 2
Lo = ¢ g * . (2.131)
12 2a? a

Let h=a r be the distance from the surface of the sphere to the point
of measurement. Becausé r in the near-surface layer, we have

a2

r2=(a r)(a+r)= h(2a+h) 2ah: (2.132)
Thus, from (2.131), we obtain the regular formula for the pressue in

the near-surface layer

pP= ogh; (2.133)
where ‘2—’!': g is the free-fall acceleration in the star's eld near its
surface.
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Object Mass M , Radius Density o, | Pressurepg,

gram a, cm gram/cm?® | dynes/cm?
Red super-giant 40 10* | 7.0 10 | 2.8 10 8 53 10°
White super-giantY | 3:4 10** | 48 10% | 7:3 10 ° 1:7 10%°
Sun 2.0 10® | 7:.0 10 1:4 1:3 10"
Jupiter (proto-star) | 1:9 10® | 7:1 10° 1:3 1:2 10%°
Red dwarfs 67 102 | 2:3 10 13 1:3 10
Brown dwarf 41 10* | 7.0 10° 29 57 10"
White dwarf * 2.0 10® | 64 10° 1.8 10° 1:9 107
Betelgeuse. YRigel. ?Corot-Exo-3. *Sirius B.

Table 2.2: The main characteristics of the regular stars.

The pressure in the central region of a regular star can easily be
found by assumingr =0 in the general formula (2.130). Denoting the
central pressure agp = pr=o , We obtain

q o
1 0 2322
Po = ()C2 S| 723 { %-2 . (2.134)
31 Lo
Since{ = Bcf , we can also re-write this formula in the form
3GM?2
—_— 2.135
Po 8al ( )

Table 2.2 gives the numerical values of the central pressurpy we
have calculated according to this formula for the typical members 6the
known families of regular stars.

We see that, according to our model of liquid stars, the pressure in
the central region of Betelgeuse, which is one of largest stars, isnty
0:53 atmosphere (1 atm=1¢ dynes/cmz). The smaller the size of a
star is, the higher the pressure inside it becomes. The pressure ihe
central region of Rigel, a white super-giant whose radius is 14.6 times
less than that of Betelgeuse, is 7 10* atm. In dwarfs such as the Sun,
the central pressure is 10° atm. However, in white dwarfs, the central
pressure reaches 1@ atm.

Note that the temperature of condensed matter does not depeshon
pressure. The incompressible liquid of stars is a sort of condensedata
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ter. Therefore, temperatures inside stars depend solely on theofmula
of that particular mechanism which produces stellar energy.

This note is important for the understanding of the physical condi-
tions inside stars, and of the sources of stellar energy.

82.6 The stellar energy mechanism according to the liquid
star model and the mass-luminosity relation

First, we make the transition to the dimensionless characteristics 6
stars, which are expressed in fractions of the respective chartaristics
of the Sun:

M a

M=_——;, a= —; = —,; I etc 2.136

M 3 ( )
where M = a3 for a liquid spher€. For the luminosity L of a star,
that is the energy emitted from the entire surface of the star into the
outer cosmos per one second, we have

L= —: (2.137)

With this representation of the characteristics of stars, the andysis be-
comes much simpler. This is because only the essential factors reima
in the formulae while all constant coe cients vanish.

Let us study what mechanism producing stellar energy can now be
suggested due to the General Theory of Relativity, so that its prauc-
tivity satis es the observed luminosity of stars. In other words, to be
the real mechanism that generates energy in stars, the calculateen-
ergy production of the suggested mechanism should match the mas
luminosity relation which is the main empirical relation of observational
astrophysics.

Consider thus the space metric of a liquid star. As we know already,
the space of a liquid star has two primary regions which are described
by di erent metrics:

1) The internal space metric of the star (the metric of a liquid spher)
is valid from the center of the star to its surface. Except on the
singular spherical surface of the tiny radius,rq= 25 around the
center of the star (see below). The internal thric is als§> valid on
the singular spherical surface of the radius,, = a3=rg=" 3= o,
in the far cosmos: the metric produces a breaking of the space

curvature at this distance from the star;

“A liquid star has the same density = (= const in its entire volume, so its
mass isM = % oa3. In fractions of the Sun's mass, itis M = ga3.
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2) The external metric of the star (the mass-point metric) is valid
from the surface of the star to in rbity. Excert on the singular
spherical surface of the radiusrp, = a3=rqg=" 3={ ( which cov-
ers the star distantly from its surface in the cosmos (see above).
The external metric is also valid deep inside the star, on the sin-
gular spherical surface of the tiny radiusrg= 2%}1- from the center
of the star: on this spherical surface, the star's gravitational eld
possesses space breaking produced due to the external metric.

As was shown in82.3, the outer space breaking in the far cosmos
only implies space curvature breaking. One can show, on the basis of
8.3, that it does not result in an anomaly with respect to the acting
force of gravitation.

However, we now show that the force of gravitation has a very stong
anomaly on the singular spherical surface of the inner space brealg.
Actually, inside the star at the Hilbert radius ry from its center the
external space metric is valid (while the internal metric is valid both
inside the Hilbert radius and outside it). Therefore, all calculations
for the inner singular surface are processed with the external mdc
(mass-point metric). This is despite the fact that the singular surface
is located deep within the star near its center.

According to the fundamental metric tensor of the external metic
of the star (1.1), the chronometrically invariant (physically observable)
vector of the force of gravitation F; has the form (1.4). On the singular
spherical surface of the Hilbert radiusr = rgy, deep inside the star, the
observable force of gravity (1.4) reaches an in nitely large magnitue

crg 1
2r2 1 r

9
r

Fy= 11

: (2.138)

i.e. the gravitational eld possesses space breaking on the surfac

Due to its in nitely large magnitude there, the force of gravity, by
de nition, is su cient for the transfer of the necessary kinetic en ergy
to the lightweight atomic nuclei of the stellar substance, so that the
process of thermonuclear fusion begins. The energy released ineth
thermonuclear fusion is the energy that the stars radiate.

The singular spherical surface of the Hilbert radiusrg= 26M gyr-
rounds the geometric center of every star. This means that at tie center
of each star a luminous \inner sun" is located. The \inner sun" is tiny
compared to the size of the star. For example, the Hilbert radius othe
Sun is only 2.9 km while the physical radius of the Sun is 700,000 km.
Therefore, the zone where thermonuclear fusion is processed istronly
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the surface layer of the radiusry but all the volume of the \inner sun".
In other words, the \inner sun" of the radius ry is the very place where
thermonuclear fusion produces helium from hydrogen, thus provithg
energy for the luminosity of the star. The energy is then transmitted
from the \inner sun" of the star to its surface due to heat condudivity
(the conventional transfer of heat in liquids); then it is radiated from
the surface into the cosmos.

Since the \inner sun" of a star has a radius equal to the Hilbert
radius rg, we will further refer to it as the luminous Hilbert core of a
star, or merely | the Hilbert core.

The luminosity of a star that shines due to the suggested mechanism
of stellar energy depends only on two factors: the volume of the Hilbrt
coreV = % r S where energy is released, and the densityy of the stellar
substance therein (which can di er from the density ¢ of the main mass
of the star, see the explanation in the next page). In terms of thedimen-
sionless characteristics of stars, it is

L= 4rg= Mm% (2.139)

Recall that the suggested mechanism of stellar energy does not de
pend on the pressure in the central region of the star: the supestrong
force of gravity (2.138) that acts therein provides the conditionsneces-
sary for thermonuclear fusion. But the productivity of the mechanism
depends on the density of the stellar substance in the Hilbert core.

Calculate the density of the Hilbert core so that the suggested mde
anism of stellar energy satis es the observed mass-luminosity relan.

Proceed from the facts of observational astronomy. It shows He
mass-luminosity relation L = M 26 for the stars whose masses are in the
range between @M and 0:5M , L = M 45 for masses between:BM
and 2M , L = M %6 in the range between M and 10M ,andL = M
for masses much heavier than 1B . See Table 2.3.

These empirical data of observational astronomy match with our
theoretical formula for the luminosity of stars L (2.139), if the stellar
substance of the Hilbert core (wherein stellar energy is released@s the
density as shown in Table 2.4.

On the basis of the function ;= M?Y according to Table 2.4, we are
able to know how dense the Hilbert core of a star is compared to the
main mass of the star (known from astronomical observations). W& can
thus calculate, for some typical stars, the following ratio:

MY

0 0

g

(2.140)
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Observed mass-luminosity
relation L= M*

Scale of the stellar masses, in fractions
of the Sun's massM

M2:6
- M425
- M326
=M

r - - -

M =0:2:::05
M =0:5:::2
M =2:::10
M > 10

Table 2.3: The observed mass-luminosity relation L = M *.

Density of the Hilbert

Scale of the stellar masses, in fractions

core g of the Sun's massM
g =M% M =0:2:::05

g =M M=0:5:::2

g = M6 M=2:::10
=M 2 M > 10

Table 2.4: Density of the substance inside the Hilbert core.

Object Mass M Density , | Ratio 4=
Betelgeuse (red super-giant) 20 2.0 10 8 13 10°
Rigel (white super-giant) 17 52 10 ° 6:7 10
Jupiter (proto-star) 95 10 ¢ 0:9 0:069
Red dwarfs 0:34 9 0:072
Brown dwarf (Corot-Exo-3) 0:021 21 0:010
White dwarf (Sirius B) 1 1:3 10° 77 10 7

Table 2.5: Ratio

¢= o for some typical stars.
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The results of the calculations are shown in Table 2.5. On the basis
of the calculated ratio =, as shown in Table 2.5, we arrive at the
following conclusion. The luminous Hilbert core of a star | its \inner
sun" | can have a density that di ers from the density of the main
mass of the star. It depends on the particular type of the star. or
instance. The stellar substance of the Hilbert core of a giant or suer-
giant is many orders denser than the main substance of the starsThe
Hilbert core of the star that is similar to the Sun has approximately
the same density as the star. Concerning the dwarf stars, the Hilbrt
core of such a star is more rare ed than the main substance of thetar.
The greater the density of a dwarf star is, the less the density of i
core becomes compared to the density of the entire star. In such star
as the white dwarf, the Hilbert core is many orders of magnitude moe
rare ed than the main substance of the star.

Respectively, the following question arises. All physical bodies have
masses, therefore each body should have a Hilbert radius core ingid
itself. Not only stars, but also planets and even individual elementay
particles should have such a core. Yet, why do they not shine like sta?

The answer comes from the state of that substance of which thes
physical bodies consist. Stars are made up of liquid substance which
consists, mostly, of light chemical elements such as hydrogen anahum.
Therefore, thermonuclear fusion of light atomic nuclei is possible in e
Hilbert core of each star. Due to the fact that the substance is liqud,
more and more \nuclear fuel" is delivered from the other regions of he
star to its luminous Hilbert core, thus supporting the combustion inside
the \nuclear boiler", until the time when all the nuclear fuel of the
star ends. Another case | the planets. They consist of mostly heavy
elements with only a minor content of hydrogen. Therefore, as savas
the \nuclear boiler" of the Hilbert core has nished all the reserve of
the hydrogen fuel in the central region of the planet, it stops pralucing
energy but still remains to exist at the center of the planet, in a latent
state.

Astronomers know that the energy emitted by Jupiter exceeds tke
solar energy absorbed by the entire surface of the planet. The sae is
as well true for Saturn. This means, according to our theory, thd the
Hilbert core of each of the planets still processes hydrogen into tiem
thereby releasing nuclear energy.

Concerning individual elementary particles such as protons, neunas,
and electrons: as is known, they are stable and indi erent for a long
time as long as they do not interact with other particles. In fact, this
means that the Hilbert core of the proton (as well as of the neutrm and
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the electron) does not interact with the main mass of the particle. Why
does this happen? We can only guess that either the substance th&s
inside the particles is in the super-solid state, or there is a layer of th
very strong vacuum between the core and the rest mass. On thetloer
hand, the Hilbert core of the proton (and that of the neutron) has a tiny
radius of (rq)p= % =2:48 10 %?cm, while the Hilbert core of the
electron has even a smaller radius ofrg)e = 2‘1% =1:35 10 *°cm. As
has been stated by Albert Einstein already, the geometric laws (spee-
time geometry) of the General Theory of Relativity are true, probably,
upto the scale of elementary particles. Within the sub-nuclear scale
probably, another geometry works thus stating its own laws which d er
from the laws of the General Theory of Relativity. Therefore, we @nnot
presently state something de nite about the physical conditions and
processes inside elementary particles.

But as for the regular world of stars and the planets, experiment&
physics and observational astronomy show that Einstein's theoryis cor-
rect and works on these scales with high accuracy. Therefore, atiur
conclusions about the internal constitution of stars, and the mebanism
that generates energy in stars should be taken into account.

The particular details of the suggested mechanism of stellar energy
are a special theme that is out of the scope of this book (which is moly
on the internal constitution of stars).

82.7 Conclusion

All the theoretical conclusions about the source of stellar energyand
about the internal constitution of stars that are presented in this Chap-
ter have been obtained in the framework of our model of liquid stars
Our model is based on the presentation about stars as space-timab-
jects, according to the General Theory of Relativity. Below, we listthe
most important of the conclusions we have thus arrived at:

1. The eld of each star possesses space breaking which surroud
the star by a spherical surface. The \bubble" of the outer space
breaking of the eld has a rgdius of

T
br {O ,

which is many orders larger than the physical radiusa of the
star. The three-dimensional observable space curvatur€g; and
the four-dimensional Riemannian curvature R have common
space breaking on the surface. The outer space breaking impedes
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the near substance to be formed as a planet in this orbit. The outer
space breaking of the Sun's eld is located within the asteroid
strip, near the maximal concentration of the asteroids;

. The eld of each star possesses inner space breaking, inside the

physical body of the star, on the surface of the Hilbert radius

2GM
2’

rg =
from the center. This means that there is a small core which is
separated, by the singular surface, from the major mass of the
star. On the surface of the core, the force of gravity reachesrain-
nitely large magnitude. The super-strong gravity, by de nition,

is su cient for the transfer of the necessary kinetic energy to the
lightweight atomic nuclei of the stellar substance, so that ther-
monuclear fusion begins. Thus, nuclear energy is released. The
liquid \nuclear fuel" is delivered from the other regions of the star
to the core thus supporting the combustion inside the \nuclear
boiler”;

. Every star has a massM . Therefore, the luminous core of the

Hilbert radius rq= 281 | the \inner sun" | exists in the center

of every star. We refer to it as theHilbert core. This is the place in
which thermonuclear fusion produces helium from hydrogen, thus
providing energy for the luminosity of the stars. The energy is then
transmitted from the \inner sun" of the star to its surface due to
heat conductivity (the conventional transfer of heat in liquids) for
it then to be radiated into the cosmos;

. The Hilbert core is tiny compared to the size of stars. For example

for the Sun, rg =2:9 km;

. The observed relation \mass-luminosity" of stars is satis ed if the

Hilbert core has a density depending on the particular type of the
star. The Hilbert core of a giant or super-giant should be many
orders denser than the main substance of the stars. The Hilbert
core of a star like the Sun should be approximately the same in
density as the star. In the dwarf star, the Hilbert core should be
more rare ed than the main substance of the star (the core of tte
white dwarf should be extremely rare ed);

. Each planet has a mass. Therefore, the Hilbert core exists in

the center of every planet. But planets consist of mostly heavy
elements with only a minor content of hydrogen. As soon as the
\nuclear boiler" of the Hilbert core has nished all the reserve
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of the hydrogen fuel in the central region of the planet, it stops
producing energy but still remains to exist at the center of the
planet, in a latent state.




Chapter 3

Regular Stars. The Description

83.1 Problem statement. The internal space metric of a reg-
ular non-rotating star

To broadly understand the description of a regular star again, reall
that in 82.1 we deduced the space metric of a liquid sphere by follow-
ing the \historical path" as Schwarzschild did it. Namely, | we took
the spherically symmetric metric in the general form, then applied the
particular conditions of a sphere lled with perfect liquid. The sole dif-
ference from Schwarzschild's deduction was that we did not assumany
arti cial limitations. When following this deduction, we obtained the
observable characteristics of the space in the implicit form, as an ail-
iary result. It was enough to obtain the space metric of a liquid sphee
in the nal form. Now, we express the characteristics in the explicit
form, through the components of the fundamental metric tenso of the
space metric of a liquid sphere which we have obtained in Chapter 2.
Then we will study the equations of motion inside the star so as to tak
the escape velocity into account.

So, the space metric of a liquid sphere has the form (1.8)
r r— 2

rerg

r
31 2 1 2 ddt?
a a

ds? =

Bl

r2 d?+sin?2d 2 : (3.1)

We calculate the chr.inv.-characteristics of the space, accordingd their
de nitions given in §1.3 and the respective components of the funda-
mental metric tensor of the metric (3.1). The chr.inv.-metric tensor hj
of the metric (3.1) has the following non-zero components

1 .
hin= ——: hp=r1%  hg=risin®; 3.2)
1
a3
2
11 _ rg. voo_ 1. 33_ 1
MEL e e e age G
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while its determinant, and the non-zero spatial derivatives of the I@ga-
rithm of the determinant have the form

4 cin2
h = det khy k= — . (3.4)
r2rg
1 =
P p-—
@n h_ 2 rgr 1 @n h _ )
@ 1 @; On T B9
a3

So forth, after algebra according to the chronometrically invariart for-
malism (see§1.3 for the de nitions of the chr.inv.-quantities), we ob-
tain the following. The chr.inv.-vector of the gravitational inertial f orce,
acting in the space has the form

Crg r
Fi= 23 6 € - € 2; (3.6)
31 = 1 1=
a a a
2 rql for®
r
Fl= -2 g g2 _; (3.7)
¥z o1
a a

wherer<a since it is inside the sphere. Thereforef; < 0 therein (this
means that it is a force of attraction). The non-zero chr.inv.-Christo el
symbols have the form

1 2
1 Fgf 1 . 1 _ 8 = ¢ Tt . (3.8)
11 a3 1 rgr2 ’ 22 Sin2 a3 ’

a3
2 3 _ 1 2 H . 3 - t - 39
2= 137 - 33 = sin cos; 53 = Cot : (3.9)

The non-zero components of the chr.inv.-tensor of the three-diransional
observable curvatureCig; , and its contraction Cy , have the form

Cizis _ fgr? 1 rgr4

_ . = gl 2.
Ci212 = e R L Coszz = 2 SN (3.10)
as
2y 1 _ Caz _ 2rgr?.
Cu = ¥W, Ca2 = S 2 (3.12)
a

So, we now have all that is needed to consider Einstein's equations
in the internal eld of a regular non-rotating star.
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83.2 Einstein's equations in the internal eld of a regular
non-rotating star

Consider Einstein's eld equations in the space of the metric (3.1). As
is known, the energy-momentum tensor of a perfect liquid has thedi-
lowing general form (2.4):

p

T = o+2uvu P

> 59 (312)

where (= constis the density of the liquid, pis the pressure, whileU is
the four-dimensional velocity of the ow of the liquid with respect to the
observer (the unit four-vector, soU U =1). The chr.inv.-projections
of the energy-momentum tensor have the form (2.21)

=%= 0 J'=p—c%=0; Uk = 2Tk = phk;  (3.13)

where is the observable density of mass)' is the observable density
of momentum, while U is the observable stress tensor. With these
formulae, and by taking into account that the space of the particuar
liquid sphere is free of rotation and deformation @ik =0, Di =0), the
chr.inv.-Einstein equations (1.85{1.87) take the form

] 4
riFl ZFF = {5 o+ U (3.14)
J'=0; (3.15)
1 1
5 TiFk+ rgF —zFiFk CZCik =
2 c
= {E oChik +2Ui  Uhy ; (3.16)

where r ; is the symbol of chr.inv.-di erentiation (see Notations), while
Uik = phik and U :3p.

Substitute, into the Einstein eld equations, the formulae for F;, Cix,
and hy, , which have been calculated for the metric (3.1). We obtain that
only two equations remain non-vanishing:

2
rgr

3cr 1
-2 4 e _ = {E o2 +3p ; (3.17)
S T R R
a a
32 2q 1 rg g 1 rgr? {
" il
a3g g ra g rafz =5 o p: (3.18)
31 - 1 g

a3

® |
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Multiplying (3.18) by 3 then summarizing the product with (3.17), we
obtain a2

- Mg .
Substituting this result back into (3.18), we obtain the equation of staté
for the liquid substance of regular stars

(3.19)

p= o4 g SR (3.20)

This formula completely coincides with the formula for pressurep
(2.130) we have obtained in Chapter 2 as the result of following the
path of Schwarzschild.

This formula for pressurep can also be obtained from the conserva-
tion equations (2.26{2.27). Because the space of the metric (3.1)aks
not deform (hi 6 f (t), henceDi =0), the chr.inv.-scalar conservation
equation (2.26) vanishes. Only the chr.inv.-vectorial conservatiorequa-
tion (2.27) remains. It takes the form

ri ph* 0+C—2 Fk=0: (3.21)

Herein, r;hk =0 is true always as well asr g =0 for the funda-
mental metric tensor. Therefore, and because the chr.inv.-deriative
with respect to the spatial coordinates coincides with the regular pa-
tial derivative in the case where the space does not rotate, the maaining
conservation equation (3.21) has the form

Kk @p P«
hik =2 + = FX=0: 3.22
@x ot 2 (3.22)
Substituting the formulae for h'! and F ! we have obtained for the metric
(3.1), we transform (3.22) into the di erential equation

dp rg rdr
- = = —= e s ¢ . 3.23
0C2 + p a3 3\4 1 g H 1 rgr? A 1 rgr? ( )
a a3 EY
This equation can be re-written in the form
r r 1
din oZ+p= dn 31 0 1 T . (ga
0 p a a3 '

“The formula connecting pressure and density inside the medi um.
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which is easy to integrate. After integration, we have
p+ o= -4 Qq _; (3.25)
31 & 1
a

a3

where the integration constantQ comes from the obvious conditionp=0
on the surface of the star (wherer = a). Then
r

Q=2 o@ 1 %g; (3.26)

thus we obtain, nally,

q
1 e
p+ o?=2 oc%-¢g g2 = (3.27)
31 = 1 L
a

as

It is easy to see that this solution leads to the same formula fop as
(3.20), which we have obtained from Einstein's eld equations.
83.3 The internal space metric of a regular rotating star

Consider now the metric of a regular liquid star (3.1) with only the
change that the star rotates, at an angular speed , along its equatorial

axis (the axis in the spherical coordinatesr, , ). In this case, the
non-rotating metric (3.1) takes the form
r r 72! 2
d=2 31 "o 1 Tle 2ge.
4 a ad
2!r 2cos dr? .
+ ————cdtd ——— r?d?+sin®d ?: (3.28)
1 9

a3

It should be noted that we still consider regular stars, namely thog
stars whose Hilbert radius is much smaller than their physical radius.
According to the metric (3.28), the star's linear velocity of space
rotation is
_ 2!r 2cos
vi=Vo=0; V3 = g g
31 - 1=

9
a as

(3.29)

rz

As is known from the data of observational astronomy, the major
ity of stars rotate at linear speedsv < 420 km/sec. Hence, we have
v?=c < 2 10 8: most stars rotate slowly compared to the speed of light.
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According to the space metric of a regular (slowly rotating) regular
star (3.28), represented as a rotating liquid sphere, we have

2 _ Rhik — K33 . 33 — 33 — .
ve = h"vjvg = h™%vavs; h> = = = 3.30

So,Vv?=¢ in the space of the metric (3.28) has the form

v2 41 2r2 cot?
? = q r q — 2: (331)
@31 L 1L

Expanding, in this formula, the radicals into series, after elementay
transformations we obtain
vz _ 12r2cot? 3rg  rgr?
= + =

1

2~ 2 2a 2a3 (332)

Further, we will neglect higher-order terms of the series which aresmall
becausery a for the regular stars. Therefore, we have

2 2 2,4
) vZ v 12%r4cog

vz = Ir “cos ; 2 - @ = (3.33)

The non-zero components of the chr.inv.-metric tensor of the meic
(3.28) have the form

1 1 1,

hi1 = hit = PR ; ha = h2 =r (3.34)
1 =3
1 _ I 2r2 cot?
has = T = r’sin® 1+ —a (3.35)

while the determinant of the chr.inv.-metric tensor hj, and the non-zero
spatial derivatives of the logarithm of the determinant have the form

4 «inl | 2¢2 2
h=det khyk= —r— L1+ C‘;"t : (3.36)
1 g
a3
@npﬁ 2 rqr 1
= — 4+ 9_7 .
@r rooadq e’ (3.37)
a3
0 0 1
h 1 2r2 1
@ h_.ot @ " A (3.38)

c2 sin 1 2r2 cot2
1+ ez
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Respectively, according to the chronometrically invariant formalism
(see 81.3 for the de nitions of the chr.inv.-quantities), we obtain also
the other chr.inv.-characteristics of the space. The chr.inv.-vecbr of
the gravitational inertial force F;, acting in the space takes the form

c?r r
Fi= 5 —————<0; (339
g g g
S T T T
q
rqr2
cr r1 =
Fl= 52— g _ < 0; (3.40)
¥z o1
a as

which is a non-Newtonian force of attraction. The approximate formula
for the force is
Crgr

2a3 -’
The chr.inv.-tensor of the angular velocity of spaceAi , has the follow-
ing non-zero components:

Fy= F! (3.41)

2lr cos
Az = —§ g = (3.42)
31 = 1 X
2 a a
rgr? 1 Z _
g a3 9 r G rgr2 q rgr? 15: (343)
9 9 9
31 - 1 = 1
2
201 - cot
AB = g4 q (3.44)
31 = 1 9% pgin g4 Lot
a as c?
3
rgr 1 Z _
g a3 q r G rgr? 9 rgr2 15 (3.45)
31 Zg 1 23 1 :3
I'r 2sin
Az = —¢ & ; (346)
31 L g LC
a as
|
AB = g g : . (3.47
- rg - rgr2 2 o ! 2r2 cot? ( )
31 — 1 — résin 1+ ———r
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The approximate expressions of these components have the form

3r Fqr?
A= Ircos 1+=-2% & - 3.48
13 a 2 ( )
I cot 3r 2rgr2 1 2r2cot?
AB= —  1+=9 g : 3.49
r sin 4a as c? ( )
Ir 2sin 3r g
A= — 1+ -9 9 . 3.50
= 2 4a  4ad (3.50)
. ! L 3rg rgr? !r?cot’ (3.51)
2r2sin 4a  4a3 c? '

The non-zero chr.inv.-Christo el symbols for the metric, with higher-
order terms ! 4r4=¢* neglected, have the form

rqf 1 rgr?
= % 1 e ; »= 11 —23 ; (3.52)
a3
. 2! 2r2 cot? ryr?
3= rsin® 1+ —a — 1 21—3 ; (3.53)
1 1 I 2r2 cot?
2 _ . 3 _ .
= - = - 1+ ; 3.54
127 7 137 7 2 ( )
2 : I 2r2 3 I 2r2
3= sin cos 1 2 7 =B= cot 1 e . (3.55)

Neglecting the termsr=a” and the product ! ?r?=¢” to ry=a, we obtain
the approximate formulae for these components

1 - fgl. 1 - rgr?
e e (3.56)
2! 2r2 cot? rgr?
1 in2 9 .
33= rsin 1+ = il (3.57)
1 1 I 2r2cot?
2 _ . 3 _ .
= _: = 1+ — 3.58
127§ 137 ¢ 2 ( )
2 . I2r2 3 I 2r2
3= sin cos 1 2 7 »= cot 1 e ; (3.59)
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and the non-zero components of the chr.inv.-curvature tensorCyq; ,
along with the non-zero components of its contractionCi

_ rgr? 1
Cro2 = e 17 ; (3.60)
as
0
1 2r2cot?
. 3! 2 cot? rg 1+ ———
Ciz13 = r?sin® @T a—g 17%?;'&‘ ; (3.61)
23
_ rgr? I 2r2 cot?
Coszs = 2 It 2
I 2r2 1 .
t 3 cot? + — r’sif ;.  (3.62)
sin
2rg 1 3! 2cot?
A (869
as
2ryr? 1 2r2cot? 1
Ca = ;3 + = cot? + e (3.64)
| 202 ant2 2
Cas = % 14 rccz:ot - rga;
3! 2cot? 12 .
—z tg cot? + — r?sin> :  (3.65)
sin

Becauserg=a 1 and!?r?=¢ 1 for regular stars, we neglect the

terms ri=a¢ and the product ! ’r?=¢ to rq=a. As a result, we obtain

the approximate formulae for the chr.inv.-curvature:

Cro2 = rga—gz ; Cias = r?sin’ % ;—93 ; (3.66)
Coa23 = r;—gz i ;rz cot? + sinl“ r2sin® ; (3.67)
Cu= % + % ; (3.68)
Cyp = 2;9;2 . ! ZrZC(;otZ cot? + = (3.69)
Csz = 2y, A * cot? b i r?sin® : (3.70)

as c? 2 sin®
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83.4 Einstein's equations in the internal eld of a regular
rotating star

We now solve Einstein's eld equations in the internal space of a rotaing
regular star, i.e. in the space of the metric (3.28). In the absencefo
space rotation (A =0), this problem reduces to the problem that was
considered earlier in85.2 for regular non-rotating star.

So, consider the chr.inv.-Einstein equations (1.85{1.87) in the space
of a liquid sphere, which rotates Ay 60) but is free of deformation
(Dik =0). They take the form

_ 1 _ {

Ay AT+ oy F ZRF = 5 c?+ U ; (3.71)
roi Al o+ 2F‘A”—{Ji' (3.72)
] ? ] - [l .

1 1
2Aij Ak + > riFk + rgF C_ZFiFk CZCik =
= {— Czhik + 2 Uik Uhyg ; (3.73)

2

where r ; is the symbol of chr.inv.-di erentiation (see Notations). The
chr.inv.-quantities , J', U are the physical observable projections of
the energy-momentum tensorT  of the medium that lls the space.
(We do not specify the energy-momentum tensor just yet.)

With the obtained components of Ay and F; (see&3.2 for detail),
the chr.inv.-Einstein equations (3.71{3.73) take the form

3r 3rgr? ! 2r2cot? 12 3r
212¢cot? 1+ 22 9 . 1+ 29
2a as c? 2 2a
rgr? 12r2cot? 3crg _ { 2
+ == c“+U ; 3.74
2as3 c? 2as3 2 ( )
I cot 3rg  4rgr?  312%r2cot? 3.
r2sin " Za as 2 = {95 (3.75)
ol 2eo2 14 3o 2rgr2 1 2r2cot? N 3crg _
' 2a a3 2 2a3
{ 2 rgr? )
= 5 C u 1 5 +2Uq1 (3.76)
3r 5rqr2 1 2r2cof?
I?rcot 1+ =2 g = {Up; (3.77)

2a 4a3 c?
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I 2r2 3rg  rqr?2  12r2cot? 3cPrgr?

1+ 23 * -

= {E c? U r2+2Uy ; (3.78)
3ry  3ryr? 12 3rg rgr?

21%cot”  1+22 - +— 1+2 I rPsin® o+
2a a3 2 2a 2a3
3c2ryr2 sin? h i !
* %:{5 c2 U r?sin® +2Us @ (3.79)

In the framework of our approximation (rg=a 1 and!?r2=¢ 1)
which holds true for regular stars, we neglect the termsr§=a2 and the
product ! r2=¢ to rg=a. As a result, the obtained chr.inv.-Einstein
equations take the much simpli ed form

12 {

21%2cot? + — =L 2+ : .

cot 5 5 c u ; (3.80)
I cot
2! 2cot? {5 c? U ={Ui; (3.82)
12rcot = { Up; (3.83)
12
> 5 c? U ={U3; (3.84)

1 2 ~nt2 z {_ 2 — 3.

2! “cot® + 5 5 c u ={U;: (3.85)

Summarizing (3.82), (3.84), and (3.85), then taking into account
that Ui+ UZ+ U3 = U, we obtain

412%2¢cot> +12=L 3¢?2 U : (3.86)

{
2
Summarizing the result (3.86) and (3.80), we obtain

1 2
3! 2cot? + 3T ={ cZ (3.87)

Multiplying (3.80) by 3 then subtracting the result from (3.86), we

obtain
2

| 2 cot? +!—={u- (3.88)
! 2 : .
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As is seen from (3.87) and (3.88),

c?=3U:

(3.89)
The energy-momentum tensorT

should also satisfy the conserva-
tion equations. The chr.inv.-conservation equation in the rotating pace

of the star, which is free of deformation D =0), have the form

@ .2 .

ot 11 R =0; (3.90)

@F ) ) 1 :

@t+2Ai"J'+ rivt SRUY FE=0: (3.91)
As follows from the scalar conservation equation (3.90),

@ .
— =0, i.e. = L
at ie cons

(3.92)

The vectorial conservation equation (3.91) with the indexi =3 is satis-
ed identically. The equations with i =1 and i =2 take the form

p_—
1 2
2A31J3+ @@Ur + C@@U + @?@ h U12+ %2U22+

1 33
+ 33 u=° +

@n h 1
ht ——

@ @ F, utt= F1 (3.93)
2A2I3 + @y + @y . @npﬁuzz_,_
@r @ @_
+ UB+ 2 44 % C%Fl U?=0: (3.94)
In the tensorial chr.inv.-Einstein equations that readily express U7

(3.82), Uy, (3.83), UZ? (3.84), and U3 (3.85), we now take into account
that c?=3U (3.89) and the formula for U (3.88). We obtain

|
{ut=12cot?2

7; (3.95)
1 cot

{u — (3.96)

12 12cot?

2 _ . 97

{ a2 . (3.97)
33 _ ! 2cot? 12

{uU™= >

+ - : 3.98
r2sin 4r2sin® (3.98)
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Substitute these formulae, and also the other necessary quantés, into
the remaining conservation equations (3.93) and (3.94). After som
algebra, we see that the equations are satis ed identically.

So, Einstein's equations and the conservation equations in the form
considered herein satisfy the metric of the internal space of a redar
rotating star, that is the space metric (3.28).

83.5 The stationary vortex-free electromagnetic eld of are -
ular rotating star

A realistic star bears an electromagnetic eld. Therefore, we shold
introduce the electromagnetic eld into the theory of liquid stars. Elec-
trodynamics in terms of the chronometrically invariant formalism was
introduced in Chapter 3 of our book [18]. We now follow the deduction
therefrom, then apply it to the present theory of liquid stars.

So, as is known from the generally covariant formulation of electro-
dynamics [20], the energy-momentum tensor of an arbitrary eleciomag-
netic eld has the form

1

1
em=7-3 FF +79 FF (3.99)

whereF is the electromagnetic eld tensor known also as the Maxwell
tensor. The eld tensor F is the curl of the four-dimensional electro-
magnetic potential A

_ @A @A,
T @x @x
The physically observable chr.inv.-projections of the four-dimensioal

electromagnetic potential A are the scalar electromagnetic potentiaf
and the vector electromagnetic potentialq':
A ) )
= p—; d=A: (3.101)
Yoo

The electromagnetic eld tensorF  (5.44) has the following physically
observable components

_ Too EiEi'|'HiHi

F =r A r A (3.100)

em = QE = T; (3.102)
_ i _
Jem = p—c% = %""‘m ExH m; (3.103)

Ugn = @T* = enc?h® %(EiEk+ H'HY); (3.104)
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whereE' is the three-dimensional chr.inv.-electric strength vector,H !
is the three-dimensional chr.inv.-magnetic strength pseudo-veadr of
the eld, while "™ is the completely anti-symmetric unitary three-
dimensional chr.inv.-pseudo-tensor (see [18], for detail). Namely, |

, , 9

Ek= rkgg; En:£+%% ZFn 2
. @ aq 2 S: (3.105)

H'= Eulmn Hmn i Hmn = _@2 @—X‘ ?Amn ’

As is seen from the de nitions (3.105), the chr.inv.-electric eld strength
and the chr.inv.-magnetic eld strength depend on not only the electo-
magnetic eld potentials ' and ¢ , but also on the characteristics of the
space that is lled with the eld. The physical and geometric character-
istics of the space that a ect the electric and magnetic eld strengths
are, respectively, the gravitational inertial force F; acting in the space,
and the angular velocity of the space rotationAj .

Herein, in 85.3, we rst consider the electromagnetic eld which is
stationary and vortex-free. This means that the electromagneic eld
potentials are constant ( = const, g = const) while the curl of the vec-
torial potential is zero (gx =0). In other words, in the further consid-
eration of the electromagnetic eld we will assume that

Q:O, @:O' qk:@:1 @:O
@R @t @k @x
in the formulae for the electric and magnetic eld strengths (3.105) In
this case, we have

(3.106)

IV ©

E'= —F; Ei= —=F

o S (3.107)

where ! is the three-dimensional chr.inv.-pseudo-vector of the angular
velocity of space rotation

1

- - 1
|=_u|mnAmn; i:_n

2 2

It is easy to nd that, in the internal space of a regular rotating st ar,
that is the space of the metric (3.28), we have

imn A™: (3.108)

, ! cot

1_ [ .
2’ r’

= l=

2=1r cot : (3.109)
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thus
R %1+cot2 : (3.110)

As is seen from the formulae (3.107), in the stationary vortex-fre
electromagnetic eld the electric eld strength E' is determined by the
scalar electromagnetic potential’ and the gravitational inertial force
Fi acting in the space. The magnetic eld strengthH ' is due to the
vectorial electromagnetic potential g and the angular velocity ' of
rotation of space.

Using these formulae forE' and H ' (3.107), we obtain that the
physically observable components (3.102{3.104) of the electromagtic
eld tensor F  have the form

V2 i
- Fj F P
em= 507 42 + 5 (3.111)
. ' 2 .
i = 57 wkm g o (3.112)
) "2 E; F] . . v 2 FiFk )
ik — ] + . j ik . + i k.
U, 567 4d i o7 iz : (3.113)

It is easy to see that the trace of the electromagnetic eld stress

tensor, which is expressed atlem = hik Ué'ﬁn satis es the condition

' 2 F: El
Uem = !

=557 4 = e (3.114)

As follows from the general form of the energy-momentum tensor
T that satis es the metric (3.28), the tensor should satisfy the cordi-
tion c2=3U (3.89). This formula diers from ¢nc2 = Uen (3.114) we
have just obtained for the stationary vortex-free electromagretic eld.
We therefore should nd such a structure of the electromagnetic eld
that makes Uep, satisfying c2=3U.

So, according to the condition ¢2=3U (3.89) and the formula
I 2cot? + 212={ U (3.88) obtained from the chr.inv.-Einstein equa-
tions, the eld density inside a regular rotating star should be

3 j j j
= — = : A1
e u=— (3.115)
Therefore, we substitute the required condition
o
Uem = — : (3.116)
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into (3.114) that we obtained for the stationary vortex-free eledromag-
netic eld. We obtain
o ‘ .
Fi F , oo
— + ;=1 3.117
2c?2  4¢? . ’ ( )

or, expanding Einstein's constant of gravitation { = %, in the equiv-

alent form
G' 2
G, = #Fj Fi- (3.118)
1 ==

We have considered a stationary electromagnetic eld: the scalar
and vectorial electromagnetic potentials remain unchanged'( = const,
g = const). Therefore, in the formula (3.118), the quantity

G'? 1
— =n; n< — 3.119
& 2 (3.119)
is a constant dimensionless coe cient depending only on the scalar po
tential * of the electromagnetic eld of the star.
Using the constantn (3.119), we re-write (3.118) as

; n i 1
i j = ci- < =- )
¢ T FiFG n< g (3.120)
Substituting ; J (5.13) andF;F' (2.15) into the condition (3.120), we
can present it in the alternative (expanded) form

4n  crir?

12 1+4cot? =T an (3.121)

If N= Npay = % and thus ' ="' i, the angular velocity of the star
1

would be! =1 which is non-sense. Therefore, we conclude that< 3
for all real stars including the Sun. With n< 1, we obtain the upper
boundary of the numerical value for the scalar electromagnetic ptential
possessed by a real star
v ¢ . 04 hz:.;ra1m1=2cm1=2I .
= EpE <1741 e - (3.122)
With the condition (3.120), the stationary vortex-free electromag-
netic eld satis es Einstein's equations and the metric of the internal
space of a regular rotating star. In other words, with this condition
(3.120), a stationary rotating regular star is a permanent magnet



8§3.5 The stationary vortex-free electromagnetic field 85

Becausen = const in the stationary electromagnetic eld (wherein
= const, g = const), the above condition (3.120) allows us to express
the characteristics of the electromagnetic eld through the geonetric
and physical characteristics of the space. In other words, in thigartic-
ular case, we can geometrize the electromagnetic eld.

Substitute the obtained formulae for the gravitational inertial fo rce,
and for the angular velocity of space rotation into the physically observ-
able components (3.111{3.113) of the electromagnetic eld tensoF
By taking the relations (3.117) and (3.119) into account, we obtain the
observable components o in the form

#
n Czrsrz 2 1 2
= — + | — +cot ; 3.123
M~ 2G 16a° 4 ( )
nc? Ir 4 cot
33 = Al R 3.124
em 4G a sin " ( )
nc2  c?r2r2 1
ull = 9_+12 = cot? : 3.125
em 2G 16a° 4 ( )
1»_ nc2lZcot
Uem = 53 — , (3.126)
nc? c?r2r2 1
2= _—— 9_+12 = cot? : 3.127
em 2 Gr2 16a’ 4 ( )
2 ) CZ 2,2 #
nc rar 1
u3s = 9_+12 Z+cot? : (3.128
em = > Gresim®  16a 4 (3.128)
From these equations we obtain, as previously,
Uem = hix Ug:«n = em 2 (3.129)

The chr.inv.-Einstein equations (3.123{3.128) can further be simpli-
ed. In the surface layer of a star (r a), the rst term in the brackets

is
crar? g 3.130
16a 16a% (3.130)
Consider the Sun as an example. Its surface layer makes one fullwe
olution with a period of 27 days, which is equivalent to the angular

velocity of rotation ! ' 2:7 10 © sec !. Therefore, the second term
in the brackets is

7! 2" 1:8 10 ¥ sec % (3.131)
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The rst term in the brackets, while taking the Hilbert radius for the
Sunrg =2:9 10° cm, and the Sun's physical radiusa =7:0 10'° cm
into account, is ten times less:

2
czrg

W' 2:0 10 ¥ sec % (3.132)

Therefore, we can neglect the rst term in the brackets for evenslowly
rotating stars such as the Sun. Thus the chr.inv.-Einstein equatiors
(3.123({3.128) take the simpli ed form

em = ;!Gz %1+cot2 ; (3.133)
Iom :i ';—39 %; (3.134)
uit ”2022 % cot? (3.135)
Ugs = Zmé | zfm ; (3.136)
uzz = % % cot? (3.137)
ud = _net? Licotz (3.138)

2 Gr 2sin® 4
Nevertheless, the rst term in the brackets of the chr.inv.-Einstein
equations (3.123{3.128) can be su cient in the case of small starsch

as white dwarfs or brown dwarfs. This is because we have® (the star's
radius in the 6th power) in the denominator of the term.

83.6 Solving Maxwell's equations in the vortex-free electro -
magnetic eld of a regular rotating star

As is known, the electromagnetic eld is described by Maxwell's eld
equations. They consist of two groups of equations. The generally
covariant formulation of Maxwell's equations in the four-dimensional
pseudo-Riemannian space has the form [20]

4

r F :?j ; r F =0; (3.139)

where the rst generally covariant equation expresses Group | oMax-
well's equations, while the second generally covariant equation repre
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sents Group Il. Herein, F =" F is the pseudo-tensor which
is dual to the electromagnetic eld tensor F , while j is the four-
dimensional current vector.

In terms of the chronometrically invariant formalism of General Rel-
ativity, the generally covariant Maxwell equations (3.139) take the fol-
lowing form (see Chapter 3 of the book [18] for details):

1. 9

rEl EH'kAik=4 2

c? c Ot c '

1_ . 9

riH ! EE"‘Aik:O 2
: : (3.141)

4 1 4 1 @H . 3

r«kE* ZFRE® = +DH " =0
k 2 X c @t

Herein,E * = "0 E, is the pseudo-tensor which is dual to the electric
strength tensorE;, H ' = %"'m“ Hmn is the pseudo-vector which is dual

to the magnetic strength tensor Hpy, , while D = hk Dy is the rate of
space deformation. (See these de nitions in formula (3.105) 0§3.5).

The physically observable charge density and the physically ob-
servable current vectorj' are the respective chr.inv.-projections of the
four-dimensional current vector j

N T (3.142)
€ Yoo

Because the space of a liquid sphere under consideration is station-
ary (the space metric does not depend on time), and also becausesw
assume that the electromagnetic eld is stationary, all terms contining
the space deformation tensoD and the time derivatives of the elec-
tromagnetic eld strengths vanish. In this particular case, the chr.inv.-
Maxwell equations (3.140{3.141) take the simpli ed form

9
1
riEl ZH¥%A. =4 2
Cl 4 I; (3.143)
r.kHIk _ZFkHIk = _J'I y
C C
9
1 .
riH' ZE %Ay =0 2
01 Sk (3.144)
reE * C—ZFkE'k=O’
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Substitute, into the equations (3.143{3.144), the formulae for the
gravitational inertial force F; (3.41) and the angular velocity of space
rotation Ay (3.48{3.51) we have obtained in the framework of the space
metric of a regular rotating star (3.28). Also, substitute the formulae
for the electric strength E' and the magnetic strengthH ' (3.107) of
the stationary vortex-free electromagnetic eld we have obtainal in the
space. To simplify the algebra, take into account the following termsfor
the case if they appear in the brackets commonly with the others. Br
the Sun (' 2.7 10 ®sec?, ry =2:9 10° cm, a =7:0 10* cm),
these terms take the following numerical values:

" 9

<=4110° %

a

. =
—==8510%cm? . (3.145)
2 33 2

— =8:1 10 ,

2 cm

For other regular stars, these terms take similar numerical valuesto
within a few orders of magnitude.

As a result, after some algebra we see that the equations of Group
of the chr.inv.-Maxwell-equations (3.143{3.144) vanish, while the eqga-
tions of Group | take the following form:

3'r g _ ] I'" cot

2a3 r2sin
The obtained Maxwell equations characterize the electromagneticeld
that originates due to the charges and currents (the eld sourcs).
Should the right-hand side of the equations be zero, it would be a saue-
free electromagnetic eld (existing independently of the sources)

The eld sources (the charge density and the current vector j')
are connected to each other through the law of conservation oflectric
charge. The law has the following general covariant formulation:

= 2j% (3.146)

rj =0: (3.147)

The generally covariant law of conservation of the electric charge3.147)
is also known as the continuity equation. It means that the charge @n-
sity and the currentsj', which are two chr.inv.-observable projections
of the four-dimensional current vectorj are conserved within the four-
dimensional volume of the eld. Maxwell's equations are connected
by the generally covariant Lorentz condition

r A =0; (3.148)
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which means that the scalar electromagnetic potential' and the vec-
torial electromagnetic potential  (the chr.inv.-observable projections
of the four-dimensional potential A of the electromagnetic eld) are
conserved within the four-dimensional volume of the eld.

In the general case of an arbitrary electromagnetic eld, the coser-

vationlaw r j =0(3.147) and the Lorentz conditionr A =0 (3.148)
have the following chronometrically invariant formulation:
@ o1
6':"‘ D + Ieijl C_ZFiJI =0 X (3149)
1@ 1 i
——+ —D+ Ff —Fd=0: .
< @t CD € g CZF.q 0: (3.150)

See Chapter 3 of the book [18] for details. The chr.inv.-di erential
operators €= r; LF; and r; can be found inNotations.
Recall that we are considering a stationary vortex-free electrorag-

netic eld. This means that the conditions (3.106) should be true
@ _, @_,. _ @ @a_,.
@R—O, @t—O, m”@k @k—O.

In this particular case, and in the space which is free of deformation

(Dik =0), the conservation equation (3.149) and the Lorentz condition

(3.149) are satis ed as identities.

(3.151)

83.7 Solving Maxwell's equations in the vortical electromag -
netic eld of a regular rotating star

Consider a regular rotating star whose electromagnetic eld is vorical.
This means that the curl gx of the three-dimensional vectorial chr.inv.-
potential g of the eld is non-zero

= @x @x

Assume, according to in Chapter 3 of the book [18] where we considsl
relativistic electrodynamics, that the four-dimensional electromagnetic
eld potential A has the form

(3.152)

dx dx dx
="' — ——=1: 3.153
ds ' 9 & ds ( )
In this case, the chr.inv.-projections of A have the form
. ! . I
Ao =e Al_ql_EVI; V= dx : (3.154)
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where . _
e g——! v2 = hy vivk (3.155)
1 ¥

c2

is the relativistic scalar potential of the electromagnetic eld [18]. We as-
sume that the charges move within the star at small velocities (¢ ¢?).
Then'e="

We also assume, according to our consideration of a rotating neutm
star, that ' = const and ' = ¢? =0. Then the chr.inv.-components of
A take the form

' = const; o= Evs; (3.156)
where \ = g— while is the equatorial coordinate of the spherical
polar coordinatesr, , . Assuming that the electromagnetic eld curl
is due to the angular rotation of the star, we have

d
— =1 3.157
3§ (3.157)

Then the non-zero components of the three-dimensional vectaghr.inv.-
potential g and its curl gx have the form

3 _ .
¢ = —; (3.158)
'
Oz = 'Trzsin2 : (3.159)
'
Op1 = %@:: —Zé rsin® ; (3.160)
'l
O3 = %: 2Trzsin cos : (3.161)

In other words, we consider here only circular motion of the charge
along the equatorial coordinate , which is the geographical longitude
of the star (in spherical polar coordinatesr, , ).

Substitute now the formulae for Ay (3.48{3.51) obtained for the
space metric of a regular rotating star (3.28) into the de nition of t he
magnetic strength tensor Hix (3.105). We obtain that the non-zero
components of the tensor have the form

2'lr Zsin 1 3r rqr?
Ho.= <2 >0 + 2 1+298 9 - (3162
= c €os * 3 4a as )
2'lr ) 3r rqr?
Ho = =— — sin  cos 1+=—3 S . (3.163)

4a as
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Using the de nition of the magnetic strength preudo-vector (3.105)

1 1, 2"
H L 5 nimn Hmn = 5 rimn Omn ? I; (3164)
we have, nally,
2'1 rqr2 1 3rg  3rgr?
H 1 - 1 g + = 1+ _g 9 . 1
— 28 05t 3 za 22 109
2'1 ror2 3rg  3rgr?
2_ LY + 29 9 ;
H o 1 5 sincot 1+ =7 (3.166)

while the covariant (lower-index) versions of the preudo-vector en be
calculated asH ; = h;yH T and H > = hy,H 2. In the framework of
our approximation (with the higher-order terms withheld), we have
2'! 1
H!'= — + > 3.167
o cos 5 ( )

gy
H?2= %(Sin cot ): (3.168)

Concerning the chr.inv.-Maxwell equations: in the stationary elec-
tromagnetic eld, they have the form (3.143{3.144)

9
o1
rjE! EHlkAik=4 2
I; (3.169)
4 1 L4 >
rkHlk _ZFkHlkz_Jl,
c C
9
riH' ZE*Ax=0 2
I (3.170)

Vv

) 1 )
reE ¥ 2 FkE k=0

Substitute, into the equations, the obtained formula for the magretic
eld strength, and also the formula for the electric eld strength ( 3.105),
which holds for the stationary electromagnetic eld, has the form
ik _  wik . o _Trgr,
E k= »iknpg - Ei= SFR=—g: (171

Equations of Group Il (3.170) are satis ed identically. Equations of
Group | (3.170) take the form
3'r g I cot .3

=4 ——= 2 j=

72
2ad ' r2sin 3 )
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where and j2 are the charge density and the current of the vortical
electromagnetic eld.

As is easy to see, these solutions are identical to the solutions (3.6%
obtained in the vortex-free electromagnetic eld. It is easy to obtain
that the conservation equationr j =0 (3.147) and the Lorentz condi-
tion r A =0 (3.148), whose chronometrically invariant formulations
are (3.149) and (3.149) respectively, are satis ed as identities.

This means that all the results obtained earlier in the vortex-free
electromagnetic eld of a regular rotating star are as well true in the
present case where the electromagnetic eld of the star is vortica

This happens because all the terms that appear in the equations du
to the electromagnetic eld curl vanish in the framework of the seond-
order approximation. In the parlance of physics proper, this meas that
the presence of a curl in the electromagnetic eld does not changthe
eld sources of a regular rotating star. The vortical electromagretic eld
can be meaningful only in the case of exotic stars, whose characistics
di er from those of regular stars. We will see the di erence in Chapter 5
when considering rapidly rotating neutron stars (pulsars).

83.8 Geometrization of the electromagnetic eld for a regula r
rotating star
Using the geometric formula for the scalar electromagnetic potenaél
r
=2 1 (3.173)
G

that follows from (3.119), we write down the non-vanishing chr.inv.-
Maxwell equations (3.146), or (3.172) which is the same as

r— r—

3c%ry n _ 3¢  norg

= ~= ~ 9. 3.174

8a® G 8a? G a’ ( )
r

Ic2 nco
13- :13_ n .
i=i'= o S (3.175)
r
p 4 p Ic2cot n
i=j= Liljk = i3j3 = e
J =] hik j '] h33j 3 T G (3.176)

where is the charge density andj® is the current of the vortical elec-
tromagnetic eld, while  and j 2 imply the vortex-free eld. The di-

mensionless numerical coe cientn= Gc4 (3.119) is within the range

0<n< 1. To see whyi, see formula (3.118).
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The electromagnetic eld sources are expressed herein throughnty
the geometric characteristics of the star's space and the fundasmtal
constants. This means that we have completely geometrized the sioces
of the stationary electromagnetic eld of a regular rotating star.

Now, express the electric and magnetic eld strengths through tle
geometric formula for the scalar electromagnetic potential' (3.173).
Using the formulae for the non-zero componentsE;, H !, and H ?
obtained in the stationary electromagnetic eld of a regular rotating
star, we thus obtain

1_p _ DN Crgr
E E; G 228 (3.177)
r_ 1 r_
n n
Hl= 21 — +2 = 2¢c —= ! + 1317
c e cos 5 c e cos ; (3.178)
21 r— r— I gj
2_2lc n _ n !sin s
= G sin cot 2c G p ; (3.179)
Hi=huH'=H? (3.180)
H o= hpH 2=r2H 2 (3.181)

Here, according to our calculation (3.109{3.110) made in the framewark
of the space metric of a regular rotating star (3.28),

! I cot
1 1= —; 2 - ; >=1r cot ; (3182)
2 r
; 1
=12 Z+C0t2 : (3.183)

Hence forth, we express the eld density ., and the ow of momen-
tum J3 of the vortical electromagnetic eld, which are the physically
observable projections of the energy-momentum tensor of theeld (see
Einstein's equations). Using their general formulation made for any
electromagnetic eld, (3.102) and (3.103), we obtain

n 1 < » 12n
= —— _FF!'+ . oy =
M~ 2G 4 ! ! 2 G
12 n
= em+ 2—6, (3184)
CGrgr n ! sin Ary! n
J3 = g 2 =293 + 29 _: (3.185
€M 4 a3sin G r €M 4a3 G ( )
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As we can see, the observable characteristics of the electromagfic
eld are expressed herein through only the geometric charactertics of
the star's space and the fundamental constants. This concernboth
the vortical eld and the vortex-free eld. In the sense of mathematics,
this means that the electromagnetic eld of a regular rotating star is
completely geometrized.

So, in the case of a regular rotating star, both Maxwell's equations
and Einstein's eld equations are satis ed with the inclusion of the elec
tromagnetic eld. This means that they consist a self-consistent gstem
of the Einstein-Maxwell equations that completely describes both gav-
itational and electromagnetic phenomena inside regular rotating sars.

Finally, we can conclude something pretty interesting for astro-
physics by rst writing the formula for the charge density  (3.174)

in the form 2 p
3 —r
=_—— _"nG-_<: 3.186
8 Ga? : a ( )

The rst multiplier herein coincides with the formula for the \critical
density" of substance in the Universe

3¢ _ 3H?

“~ 8Gaz 8G '’

(3.187)

known from observational cosmology. HereinH = § is the Hubble con-
stant, while a is the radius of the observable Universe. In analogy to the
Universe, the critical density can be formally introduced for any liquid
star. Thus, we can express the charge density of the electromagnetic
eld of the star as

p__
= & NG %g : (3.188)

wheren< % and, numerically, P €p=2 6 10 * cm®*2/gram =2 sec.
If the charge density is = . nG, the physical radius of the star

coincides with the Hilbert radius a=rg. Becausery a for regular
stars, we conclude that the charge density of the ekgcti)magni'ﬂ eld
inside any regular rotating star is much less than ., nG, i.e.
P
o hG: (3.189)
A few words should be said at the end. As is known, the General

Theory of Relativity is the geometric theory of space-time-matter. Its
primary task is to express all physical phenomena as the manifestians
of space (space-time) geometry. The gravitational eld was initially
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geometrized by Einstein, due to Einstein's eld equations. However,
the electromagnetic eld was not geometrized: as was shown by Ein-
stein, mathematically this problem in a general case is very non-trivia
Nevertheless, it is possible to solve this problem in a particular case
where some particular conditions simplify the mathematics. Thus, as
was shown above, we have completely geometrized the electromagjit
eld in the internal eld of a regular rotating star.

83.9 Conclusion

This Chapter is complementary to the previous Chapter 2, wherein ve
considered regular stars including the Sun. Three primary tasks we
achieved in this Chapter.

First. In Chapter 2, when considering the internal space metric of
a liquid star, we followed the historical path as Schwarzschild did when
introducing the metric. Namely, | even when we introduced the com-
plete form of the internal space metric of a liquid sphere (which conains
singularities), we used the Schwarzschild notation. This notation canes
from the general form of a spherically symmetric metric, and thus on-
tains the coe cients e and e which are the functions ofr andt. This
is the common method for writing any spherically symmetric metric.
But when we calculate the physically observable characteristics diretly
on the basis of the metric, we obtain them in the rm expressed thraugh
e and e which are unknown. Therefore, we obtain the physically ob-
servable characteristics of the space in the incomplete form that eeds
further calculation of the coecients e and e . This makes a huge
additional trouble when solving particular problems in the framework
of the space metric. Therefore, in this Chapter, we initially introduced
the internal space metric of a liquid sphere in the nal form, where the
coe cients e and e are already expressed through the main charac-
teristics of the sphere such as its physical radius and the Hilbert rdius,
and through the radial coordinate r and time t. As a result, we have
obtained all the components of the fundamental metric tensor in &-
plicit form, without unknown coe cients. It was the subject of §3.1
and §3.2. Therefore, once we (or someone else) further solve problems
in the framework of the internal space metric of a regular liquid star,
we initially will have implicit formulae for all the physically observable
characteristics of its internal space.

Second. We considered the space metric of a non-rotating liquid
sphere. Nevertheless we know that the majority of stars rotate Most
probably, even all stars rotate, but many of them rotate slowly sothat
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the Doppler splitting of the spectral lines that is due to the rotation
cannot be registered by modern methods of spectroscopy. In gncase,
as a matter of fact if we target a liquid star possessing an electront
netic eld, we should consider the internal space metric of a rotatirg
liquid sphere. This metric was introduced in §3.3, then we subsequently
introduced Einstein's eld equations and Maxwell's equations in the
form satisfying the metric. We showed that the electric componentof
the eld primarily originates due to the gravitational eld of the star
while the magnetic eld component is primarily due to the eld rota-
tion. Also, we found that the vortical character of the electromagnetic
eld does not play a signi cant r6le in regular rotating stars.

Third. Concerning the most important achievement of this Chap-
ter: in §3.8 we showed that, in the case of the internal space metric of a
rotating liquid star, all the physically observable characteristics of the
electromagnetic eld are expressed through only the geometric dirac-
teristics of the star's space and the fundamental constants. Tis fact
means that, in the internal eld of a rotating liquid star, the electro -
magnetic eld is completely geometrized.




Chapter 4
Stellar Wind

84.1 Finding the escape velocity condition for a star

A ow of the particles of the stellar substance is permanently erupted
from the surface of any star. A fraction of the ow consists of sorapid
particles that they leave the gravitational eld of the star forever, for the
outer cosmos, thus producing a stellar wind. In terms of our mathemat-
ical theory of liquid stars, this means that the particles of the surface
layer of the star are faster than the escape velocity for the star

Why do the particles of the stellar substance leave the surface of a
star? Can this process be likened to the boiling of water in a kettle,
or is it entirely something else? Finding the answer to this question
constitutes our research task for this Chapter.

To answer this question we should study the motion of the particles
of the stellar substance inside a star. To do it, we shall rst nd the
formula for the escape velocity, expressed through the compones of
the space metric of a liquid star. Then we shall deduce the equations
of motion of the particles of the stellar substance inside the star. Tius
we shall obtain the physical conditions under which the particles of he
surface layer are faster than the escape velocity for the star. ferwards,
we will be able to solve the equations of motion of the particles of the
stellar substance.

The said escape velocity, known also as the second cosmic velocity
v, , is the velocity at which a test-particle can \leave", forever, the
gravitational eld of the massive body.

Let us assume that the particles of the stellar substance travel, adi-
ally, from within of the star onto its surface. Let the particles reach the
surface then leave the star, forever, for the outer cosmos, tis forming
stellar wind. We therefore refer to the formula for the velocity of the
particles of the stellar substance, which is expressed through thescape
velocity for the star, to as the escape velocity condition

“Wolf-Rayet stars dier from all the regular stars only by an e  xtremely huge
stellar wind: the ow is so powerful that a Wolf-Rayet star lo  ses a substantial part
of its mass with the stellar wind.

» This is analogous to the rst cosmic velocity, known also ast he orbital velocity,
which allows the test-particle to be orbiting the massive bo dy without falling down
onto its surface.
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Thus, for a spherically symmetric body whose mass iM , the escape

velocity at the distance r from its center is
r

2GM
v, = ; (4.1)
This formula comes from the mass-point metric (1.1),
2 _ Iy 2 dr? 2 42,ain2d 2 -
ds?= 1 - cdt?  —— r? d?+sin®d ? ; (4.2)
1 9

f_

whererg= 251, while M is the mass of the body (the eld's source).

As was shown in Chapter 2, the eld of any liquid star has two pri-
mary regions. They are described by two di erent metrics. The meric
of a liquid sphere is valid from the center of the star ¢ =0) to its surface
(r = a). The mass-point metric is valid from the surface of the star to
the outer cosmos. In other words, the particles of the stellar sustance
travel inside the star along those trajectories which are in accorence
with the metric of a liquid sphere. If the particles leave the star (in
the case that their velocity exceeds the escape velocity), they avel in
the cosmos along those trajectories which are in accordance withhe
mass-point metric.

Therefore, the velocity of the particles of the stellar substance ttav-
elling from the surface of the star for the outer cosmos results athe
solution of the equations of motion of a mass-bearing particle accaor
ing to the mass-point metric. Being expressed in terms of the escap
velocity, it is the escape velocity condition for the star.

We derive this formula as a solution of the chr.inv.-equations of non-
isotropic geodesics [18, 19]

9

?j—m ::n—zFiVi‘l'::n—zDikVik:O E
. ; (4.3)

d mv' S

k n,k —

mE' +m 1 vvk =

+2m DL+ A} v

which are the equations of observable motion of a mass-bearing piale
travelling at the observable velocity vi. The equations result as the
observable projections of the well-known generally covariant equ#ons
of non-isotropic geodesics (see [18, 19] for detail).

We solve the equations (4.3) for a particle of the stellar substance,
which travels only along the radial direction r. Therefore,

vl=g—r60; vi=v3=0: (4.4)
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To solve these equations (4.3), we need to formulate the charac-
teristics of the space of the mass-point metric (4.2). As is seen fro
the metric (4.2), the space is free of rotation and deformation Ak =0,
Di =0). Only the gravitational inertial force F; and the Christo el
symbols !, remain non-zero. Calculating these quantities, and also
the components of the chr.inv.-metric tensorhy according to their def-
initions given in 8§1.3, we obtain, for the metric (4.2),

crg 1 c’r
1= =2 ; Fl= (4.5)
2r2 4 g 2r2
r
1 r 1 .
hu= 7=1 Tg; hop = 55 = r2; has= 0 = r?sin® ; (4.6)
1
1 - g 1 1 _ _ 33 _ g .
= —= = = r 1l —= 4.7
11 2r2 1 ry ! 22 Sin2 r ! ( )
r
1 .
2= 3,=2; 23= sin cos; 3,=cot : (4.8)

r

With these, we obtain that the chr.inv.-equations of motion (4.3) in
the space of the mass-point metric have the form

ldm _ rg 1 dr
d

MW/ ©

md -~ 27 &
r ;49
1d _dr rg 1 dr2+czrg_0 E '
m d d 2r24 o d 2rz = S
r
where q
m:sm—oi; r_=d—r: (4.10)
r2
v
r

Here, denoting the relativistic mass of the particle on the surfacer(= a)
of the star asmq (this is the \start-mass" of the particle when leaving
the star), and denoting the observable velocity of the particle whe it
leaves the star asrg, we have

a
1 o Mo
1 e R



100

Chapter 4 Stellar Wind

Proceed to solve the chr.inv.-equations of motion (4.9). Substitutirg
the scalar equation into the vectorial equation, we obtain the vecbrial
equation of motion written with respect to the radial distance r

r2

] Crg _
J 2] + o2 - (4.12)
r
Denoter =y, then
dy
— WO o_ 9y
k=YY, YT g
and the equation (4.12) takes the form
2
o g Y Prg _ .
yy rzl o + o2 0 (4.13)
r
Assuming u(r) = y?, we reduce it to the linear di erential equation
0 Fo U, (4.14)
2, s r2
r
This equation has the following exact solution:
Z a
u=e F up+ gretdr ; Uo = y3=r3; (4.15)
r
where
a 2 1
F(= f()dr; f()= =2 ;g = S8 (4.16)
r r 1 g r
r
Integrating the function f (r), we obtain
0 1, 0 1,
1 2 1 2
F(n=n @—=A; &=0_—"A; (4.17)
17 17
0 1
Zacrg1 2 idr i 1
— =1 2 @ A: (418
r rz 1 g a 1 i
r

Substituting (4.16{4.18) into (4.15), and neglecting the high powers
of the term %’ (this ratio is tiny for regular stars), we obtain

2r 2r r r
2 - 2 9 9 C2 9 9 .
r-=r 1+ — — + — — . 4.19
— -0 a r a r ( )
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From here, we obtain the formula for the radial velocity of the particle
of the stellar substance, which leaves the star with stellar wind. Sine
v, (4.1) on the surface of the star ¢ = a) takes the form

r G r__ r
r
v, = =¢c J2=c¢ 2 (4.20)
r r a
we obtain s
2O WHVE e, 26 Vi Cry L,
d c? r 2 2 r

This is the escape velocity condition we were looking for. 1fq=0, the
equation (4.21) manifests the obvious condition

dr = V2 % <V, (4.22)

According to this condition, the particle of the stellar substance caxnot
leave the gravitational eld of the star, if its start-velocity on the surface
of the star is zero. Therefore, when further considering stellar \wd, we
always assume ¢ 60 in all the equations of the theory.

Let us obtain the nal simpli cation of the escape velocity condi-
tion (4.21). Compare the estimated numerical values of all the terns
contained in the radicand. We denote the last term of the radicand &

_ 25 i

vi  Crg

Z & (4.23)

For the Sun, which is a typical regular star, we have: y = 617 km/sec,
rg=2:9km, rg=750 km/sec’, anda=7:0 10° km. Sinceq=0by r = a,
assumer >a as for stellar wind. We obtain, after some algebra,

2 4y2
Vi sz” ' 10 5; rr—g <4110°8% <5310 % (4.24)

For a typical star of the Wolf-Rayet family (see Table 1.1), we have:
v, =982 km/sec, rq =150 km, ro=2200 km/sec, anda=1:4 10’ km.
Therefore, for a typical Wolf-Rayet star, we obtain

g+ve, 5. Ig i 5. i 9.
S 64105 <1105 g<1210°% (425

“rp' 750 km/sec is typical for the particles of the fast component  of the solar
wind, whose composition is that of the photosphere. In contr ast, the slow component
of the solar wind has a composition close to that of the corona . Its particles travel
from the Sun at a velocity of about 400 km/sec.
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As is seen, the termqg has so small a numerical value (four orders less
than the other terms in the formula) that can be neglected for stdlar
wind, which comes from both a regular star and a Wolf-Rayet star.
Therefore, the nal formula for the escape velocity condition hasthe
form r

B,V T,

=c =
2 c? r

(4.26)

As follows from the nal formula, on the surface of the star (r = a)
the velocity of the particle of the stellar substance isrg.

84.2 Light-like (massless) particles inside a regular star

We now consider how particles of the stellar substance and particlesf
light behave inside the star. (Stars are lled not only with substance
but also with light.)

First, consider light-like (massless) particles inside a regular star.
Such particles travel along isotropic geodesic lines. The chr.inv.-ec4
tions of isotropic geodesics have the form [18, 19]

9
| | . | .

(le—' ?Fic'+(':—2Dikc'ck= 3

. - (4.27)
('j +21 DL+A) & IFT+1 L c"=0 ¢

These are the equations of observable motion of a light-like particle |

a photon whose frequency id , | which travels with the observable
velocity of light ¢. These chr.inv.-equations emerge as the observable
projections of the well-known generally covariant equations of isatpic
geodesics (see [18,19] for details).

As previously, we assume that regular stars do not rotate or defion
(Aik =0, Di =0). Also, we consider only a photon which travels radi-
ally (along the direction x*= r) from the center of the star to its surface.
Therefore, the isotropic geodesic equations (4.27) inside a regulatar
take the particular form

9
| |
g—' c_2 Fict=0 3
: (4.28)
dlct 3

IF1+1 pclct=

; ; enl— d
where the observable (light) velocity of the photon isct = F
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Consider the scalar geodesic equation of (4.28). Substitutindg-1
(3.6), obtained for the metric of a liquid sphere, we have

id' _ rg T ~ dr

Tqa " 3 4 G d -

I d a 3 1 r;g 1 d

(4.29)

Y
2 2
rgr 1 e

as as

Re-write this equation in the following form, which can easily be inte-
grated:

q r q rqr?
d3 1 & 1
din! = —gq ° T
' 31 & g 0
a a3
— 1 .
= din —q =g (4.30)
31 1

We study only the photons inside the star. We therefore will look for
the solution for the interval rg 6 r 6 a. We obtain, after integration,
B
g g = (4.31)
31 = 1Y

a as

=

where B is the integration constant.
Assume that the photons originate from the Hilbert surface (o = rg).

Then r r !
3
g

—= 4.32
a 33 (4.32)
where! ¢ is the initial value of the photon's frequency (on the Hilbert
surface of the star). Sincery a for regular stars, we neglect the high-
power terms of X2, Finally, the solution of the scalar geodesic equation,

which manifestsathe photon's frequency (4.31), takes the form

q
o 3 1 2 1
I = —¢ g = ! (4.33)
31 = 1 DL
a

as

-

Now, consider the vectorial geodesic equation of (4.28). With our
assumption of the radial motion of the photon, it has the form
dr 1didr o, dr?
+ +

A nog Fl=0: (4.34)
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Denote p= gz—’z and r= 9. Substitute t9- (4.29), 1, (3.8), and F*

(3.7). Thus the vectorial geodesic equation (4.34) transforms i the
non-linear di erential equation of the second order with respect o r

., ol r? .
as 3t1 1 rg - 1 rgr2 1 rgr?
a ad as
q 2
2 Crgr 1
Igl r 3
+ % _r r2 + 3 4 qa = = 0: (4.35)
a’ 1 9 a g rgr
= 31 = 1 D
a a

In this form the equation is simply non-solvable. Therefore, we simpliy
it by the formula for r? taken from the obvious relation hy ¢ ¢k = ¢,
which in the present case has the form

r-2

—= = (4.36)

1 rgr?

as

As a result, the initial equation (4.35) takes the form

Cryr
b+ a—s =0: (4.37)
This is the equation of harmonic oscillation with the frequency
r r
C frg _ Vy 2GM
= - 2= __ = . 4.
a a a as ’ (4.38)

which is obviously dependent on the escape velocity calculated for th
star, v, (4.20).

In general, the frequency (4.38) only depends on the massM
and radius a, which are the integral characteristics of the star. We
therefore refer to it as the proper frequency of the star Table 3.1 gives
the numerical values of the proper frequency for the typical members
of the known families of stars.

The proper frequency reaches its ultimate-high magnitude mnax = §
by rg = a. This is the case of gravitational collapsars (black holes), which
is also applicable to the Universe as a whole. According to observatia
estimates, the Universe's radius isa=1:3 10?® cm, and it is the same
as its Hilbert radius rgy: the Universe is a huge gravitational collapsar.
Therefore, the proper frequency of the Universe is

c

o= 2:3 10 B sec! (4.39)

max —
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Object Mass M , Radius Proper frequency
gram a, cm ,sec !
Wolf-Rayet stars 1:0 10® 1:4 10% 7.0 10 °
Red super-giant 4.0 10* 7.0 10% 1:6 10 7
White super-giant ¥ 34 10* 4:8 10%? 6:4 10 °
Sun 2.0 10% 7.0 10% 88 10 *
Jupiter (proto-star) 1.9 10%° 71 10° 84 10 4
Red dwarfs 6:7 10% 2:3 10% 2.7 10 8
Brown dwarf 41 10% 7.0 10° 7:4 10 2
White dwarf * 2.0 10% 6:4 10° 1.0
Universe 8:8 10® 1:3 10%® 2:3 10 8

Betelgeuse. YRigel. *Corot-Exo-3. *Sirius B.

Table 3.1: The proper frequency for the typical members of t he known
families of stars, and for the Universe.

which matches the numerical value of the Hubble constant, which is
H=:=(2:3 0:3) 10 ¥ sec ’. In this case, the integral mass of the
Universe should be, according to (4.38),
2a3
2G
which coincides with the observed range of the average density ofib-
stance in the Universe, which is from 1028 to 10 3! gram/cm?3.
Let us return to the vectorial equation of motion of the light-like
particles inside liquid stars.
The vectorial geodesic equation in its nal form (4.37) solves as
r r

rq C rq C
r=B;cos -2 +B,sin -2 4.41
! a a 2 a a (4.41)

M = =8:8 10 gram (4.40)

where B; and B, are the integration constants. Assumingr and r_at
the initial moment of time =0 to be ro=rgy and ro= ¢, we obtain
r

a
Byi=rg; B,=a = : (4.42)
g
As a result, we obtain the nal solution for r, which is
ro__ r
a . c r
r=rgcos +a —sin ; = = 2. (443

rg a a
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the harmonic oscillation equationr = A;cos + A,sin . Dier-

entiating (4.43), we obtain the oscillation velocity of the photon

r

cr . c
r=ccos  —sin ; = = 2, (449)
a a a

As is seen from the solution (4.43), the light-like matter of each

single star oscillates at the frequency (4.38) depending on the mas
and radius of the star, and with two primary amplitudes:

a) The oscillation with the amplitude Ai1=rg. In fact this means

that the surface of the Hilbert core of the star, wherein the stella
energy is released, oscillates at the proper frequency of the star
Thus the released light-like matter oscillates at the same frequency
and amplitude as its source (the Hilbert core);

b) The oscillation with the amplitude A,=" a3=rg, which coincides

with the outer space breaking of the star's eld (see Chapter 2 for
details). The space breaking is located outside the star, in the cos-
mos. For the Sun @=7:0 10'° cm, ry=2:9 10° cm), we obtain
A,=3:4 10" cm=2:3 AU which is the distance from the Sun
to the maximal concentration of asteroids (in the asteroid strip).
This means that the spherical surface the outer space breakingfo
the eld of each single star oscillates at the proper frequency of
the star, as well as the Hilbert core.

Hence, we arrive at the following fundamental conclusions:
1. The surfaces of both the inner space breaking and the outer sge

breaking of the star's eld oscillate at the same frequency , which
is the proper frequency of the star;

. This frequency and the amplitudes thereof only depend on the
massM and radius a of the star;

3. In fact, this common oscillation of light-like matter comprising the

star is due to the gravitational eld of the star (originating in the
star's massM ).

How does this oscillation a ect the photon's frequency? To answer

this question, consider the obtained solution for the photon's fregiency

!

4.33) in the framework of the two ultimate cases Wl'ry'ch correspond

to two oscillation amplitudes: r= Aj=rg and r= A= ad=rq. Thus

the

frequency takes the following numerical values:
q
31 & 1
r=Ai=rg: ! =lgg—=2—=1g; (4.45)

=

<1

a

31
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2 | Lo
a 31 > 1

r=~A=—: | =lg—g——: (4.46)
g 31 s

a
As is seen from these formulae, the primary oscillation of the gravita
tional eld of the star does not a ect photons which are close to the
Hilbert core (at the center of the star). The oscillation a ects only
photons at large distances from the Hilbert core.

84.3 Particles of the stellar substance inside a regular star

Such particles travel along non-isotropic geodesics. The chr.inv.epa-
tions of non-isotropic geodesics (see [18, 19]) have the form (4.3):

9

?j—m gFiVi"‘gDikVin:O %
) D (4.47)

d mv' i ik i i Nk 3

5 +2m D+ A V¢ mF'+m [, v'vi=0 -

We assume a regular star to be a liquid sphere, which is free of rota-
tion and deformation (Ak =0, D =0). For a particle of the stellar
substance, which travels inside the star radially from the center tothe
surface, the observable velocity is ¥= 9= while v2=v 3= 0. In this case,
the chr.inv.-equations of non-isotropic geodesics (4.47) take theofm

9
dm m 1
4 @hv- 2
: (4.48)
d mv? 1 L1 3
d mF-+m 3;vv-=0 "

They have the same structure as the chr.inv.-equations of isotrojg
geodesics (4.28). They solve in the same way. But mass-bearing par
ticles do not possess the light speed conditior; ¢'c¢= ¢ (4.36) we
have used for the isotropic geodesic equations. Therefore, thécinv.-
equations of non-isotropic geodesics (4.48) will have another soliain
than that which we have obtained for the chr.inv.-equations of isotopic
geodesics (4.28).

Substitute, into the scalar equation of (4.48),F; (3.6) which we have
obtained for the metric of a liquid sphere. We thus obtain the scalar
geodesic equation in the form

1%—"1 - 94 r . dr. (449
m ¥ 31 L g DC ’

a as as

D
=
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This equation can be re-written in the form
q q

r

2
rgr
a3

=}

1

® |

2
rgr

w

=
a

=

® |

= dln —¢g & ; (4.50)
3 1 g 1 rgr?

a as

which is easy to integrate. With rq 6 r 6 a (we study only the particles
inside the star) we obtain, after integration,
B
m= —¢g g ; (4.51)
31 & p DC
a

a3

where B is the integration constant.
Let the particles start from the Hilbert surface (ro=rg). Then

r r 1
3
_ I'g 's .
where m
0
{Jl — 5
r3
cz2 1 %

is the initial value of the relativistic mass of the particle on the Hilbert

surface of the star. Sincery a for regular stars, we neglect the high-
power terms of %‘3 With all these taken into account, the solution of
the scalar geodesic equation, which is (4.51), takes the form

q -
Moy 31 1

a

3
I

o]

ol
[

q _; (4.54)
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where

in the framework of our approximation mentioned above.

Now, consider the vectorial geodesic equation of (4.48). With our
assumption that the particle of the stellar substance travels radidly,
from the center of the star to its surface, the equation has the drm

2

4+ ———+ 1 Fl=0: (4.56)

d’r  1dmdr pdr
d2 md d

with t4- (4.29), 1, (3.8), and F! (3.7) substituted, and with the

notations s = 32—2 and r = g—’ this equation transforms into the non-
linear di erential equation of the second order with respect to r

p [ r_z +
as 3\4 1 rg - 1 rgr? H 1 rgr2
a as as
q 2
2 Crgr 1 5
rgr r
+ L= +29 g4 e =0: (4.57)
a3 1 rgr? a3 rg rqr?
e 31 T 1

It is identical to the equation (4.35) we have obtained for the photm,
and is non-solvable as well. To simplify the equation, we express? _
from the obvious relation hi; rr = r?, which takes the form

rgr? mg _ 2.
czl? 1W'L’ (4.58)
where m
m= ¥ 0— (4.59)
! - =
@ 1
a3
It follows, from (4.54), that
3q 1 e A 1 Lo
mo a a (o3
Mo _ a (4.60)
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Therefore, from (4.58), we obtain

q r q rr22 r2
31 = 1D 1 =
rar? a as c2
r’=¢ 1 9a—3 1 g 5 . (4.61)
3 1 %9 1

Substituting this formula for r? into the initial di erential equation
(4.57), and neglecting the high-power terms of';g, we obtain the vecto-
rial geodesic equation (4.57) in the solvable form

C+ 13 rgr
+ —————=0: 4.62
’ ol (4.62)
This is the equation of harmonic oscillation with the frequency
s
c+r3 rg
= —_ 4.63
P (4.63)

It concerns the particles of the stellar substance. As is easy to sethis
formula transforms into the formula for the photon's frequency (4.38)
by the ultimate condition r = c.

The vectorial geodesic equation (4.62) solves as

r=Qicos + Qzsin (4.64)

where the integration constant Q; and Q results from the conditions
ro= rq and rg at the initial moment of time ¢=0. We obtain

@ap 2a
Qi=rg; Q2= p——" (4.65)
(+15)1g
Therefore, the nal solution for r has the form
r_oap 2a
=rgcos + p————sin ; (4.66)

2
(C+rp)rg
which is the harmonic oscillation equation r = A;cos + Az sin

Di erentiating (4.66), we obtain the velocity of the particle
s

(- 2+ rd rg
- 2as3

The obtained solution (4.66) manifests that the liquid substance of
each single star oscillates at the frequency (4.63) depending on tk

mass and radius of the star, and with two primary amplitudes:

sin  +rpcos (4.67)
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a) The amplitude A; = rg, which is the same as that for photons (see
above). The Hilbert core of the star, consisting of liquid substance
oscillates at the proper frequency of the star;

b) The amplitude

p_—
rpa 2a

AT : (4.68)

N
1

It depends on the initial veIO(Bty of the particles of the stellar
substance,rq. If rp=c, A,=" a3=rg,which coincides with the
amplitude of stellar photons (see above). According to (4.68),
the initial velocity for the particles whose oscillation amplitude
reaches the surface of the starA, = a) is

r
P Tg v, v, 2GM

=g "=, vw= ——,; (469
" 2a Iy ‘12 p_z a ( )

C
)

r_0=

fg
a

where v, (4.20) is the escape velocity for the star (with which the
particle leaves the gravitational eld of the star forever). Thus,
by the condition A, > a in (4.68), we obtain the velocity which
is necessary for a particle of the stellar substance in order to be

erupted from the surface of the star
r—
GM

g >
-0 a

(4.70)

Let us transform the obtained formula for the proper frequency
(4.63) in order to express it through the orbital velocity v, for the star”
r_r r r

= % o1+ 2= F 1+ 2= 142 an
a 2a 2 a 2 c? a c? ( )

Using this formula, we expressr (4.66) in the form

rpa .
r=rgcos + —eroi2 sin (4.72)
v, 1+ ri;
C
whichisr=A;cos + A,sin . So we have

Ar=ry; A= —g22 . (4.73)

r2
v, 1+ =2
C

“The orbital velocity v |, known also as the rst cosmic velocity, allows the test-
particle to be orbiting the massive body without falling dow n onto its surface.
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Thus, r_(4.67) transforms to
r
rgVi s .
r= — 1+ = sin + rpcos 4.74
r a = To (4.74)

Consider now the amplitude A, (4.73) for some particular cases,
where it has di erent numerical values:

1) If rp=0, we have A, =0 according to the de nition of A, (4.73).
Hence the particles of the stellar substance oscillate at the ampli-
tude rgy. In other words, if rg=0, the particles cannot leave the
surface of the star;

2) If rp=v,, the particles also cannot leave the star. This is because
they oscillate at an amplitude less than the physical radius of the
star a

A= g——=<a; (4.75)
1+ ‘;—'2

3) If rp=v,, then the particles leave the star. This is because in the
case ofrg=v, we have

P35 2
A= gl g s a2 a 2>a;  (476)
1+ 9 ¢

C

4) If A,=a: the amplitude equals the physical radius of the star.
Then we obtain, from the de nition of A, (4.73), that

v , v?2
ro = qﬁ 1 2—(':2 vV, <V, (4.77)
+ L

c2
The particles are a little slower than the orbital velocity for the
star. This means that, if the amplitude equals the physical radius
of the star (A, = a), the particles may jump up from the surface
of the star and yet they do not leave the star for the orbit (they
always fall back down on the star).

Thus, the new mathematical theory of liquid stars provides a solid
theoretical ground to stellar wind as that consisting of two comporents.
One is a little slower than the orbital velocity for the star, while the
other travels faster than the escape velocity. This conclusion mathes
observational data. For example, the solar wind consists of two ampo-
nents. The slow solar wind travels at a velocity of about 400 km/sec hat
is slower than the orbital velocity for the Sun, which is v, =440 km/sec.
The fast solar wind travels with a velocity of about 750 km/sec, which
exceeds the escape velocity, =617 km/sec.
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84.4 Conclusion
Let us summarize the main conclusions which we have obtained on the
origin of stellar wind. The conclusions are as follows:
1. Given any star, the light-like matter that lIs it oscillates at the
frequency ro__ r
c r
a a

2GM |
a3 -’

_ Ve _
a

Each single star has its own frequency according to its massv
and radius a. Therefore, it is the proper frequency of the star;

2. The oscillation occurs with two primary amplitudes. The am-
plitude Ai1= rg coincides with the surface of the Hilbert core of
the star, wherein the stellar energy is released. The amplitude
A= a3=rq coincides with the surface of the outer space break-
ing of the star's eld, which is located in the cosmos. For the Sun,
A,=3:4 10" cm=2:3 AU coincides with the maximal concentra-
tion of asteroids (in the asteroid strip). This common oscillation
of the light-like matter of the star is due to the gravitational eld
of the star (its source is the star's masaV ). In other words, it is
the own \breathing" of the star;

3. Particles of the stellar substance oscillate at the frequency

S 2 r 2 r 2
N L R S TR -
2a3 a 2  a c2

and with two primary amplitudes. The frequency depends on the
initial velocity of the particles, ro, and can be expressed through
the escape velocity y and the orbital velocity v, for the star;

4. The amplitude A;=rgy is the same as that for photons. This
means that the physical surface of the Hilbert core oscillates at
the frequency that above. The other amplitude A, depends on
the initial velocity of the particles

ro ap 2a _lod

A= p =
’ T @+ )

| —r
v, 1+ Ci;
5. Stars emit light (photons) and erupt the particles of the stellar

substance (stellar wind) not by the order of special physical cond

tions, but automatically. The equations of motion of the particles

(both the photons and the substance), which travel radially inside
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a liquid star, are the harmonic free-oscillation equation

2F; _ ¢r
s+ 2r:O; 2 - _1:_39;
r a
2 . . . .
where F1=  54% is the linearized form (in the sense ofry  a)

of the force of gravity acting inside any liquid star. This is a non-
Newtonian gravitation (the force is proportional to the distance),

which is the cause of the oscillation of both the stellar light-like
matter and the stellar substance. Once the oscillation amplitude
exceeds the physical radius of the star, the particles come out #
star for the cosmos. Therefore, the cause of the emission of st
is the internal structure of these self-gravitating bodies, which ae

the liquid spheres in the weightless state in the cosmos;

. According to the theory, stellar wind should consist of two com-

ponents: slow stellar wind and fast stellar wind. Particles whose
oscillation amplitude reaches the star's surface A, = a) have the
initial velocity

_ Vi " % <y -
o = Qﬁ > Vv, < V!
+ L

c2

which does not exceed the orbital velocity y for the star. Particles
which are as fast as the escape velocity for the starg=v ) have
the oscillation amplitude

p_
2 2 _ _
Az=€|a72' 1 % ap2' ap2>a:
1+ L ¢

c2

This means that slow stellar wind is composed og) particles whose
oscillation amplitude is in the range ofa6 Ay;<a 2. These par-
ticles leave the surface of the star, but not forever. They always
fall back down on the star. Fast stellar Wing is composed of par-
ticles whose oscillation amplitude isA,> a 2. Particles of fast
stellar wind leave the gravitational eld of the star, forever, for t he
outer cosmos. Naturally, solar wind consists of slow solar wind,
which travels at 400 km/sec (slower than v =440 km/sec),
and of fast solar wind travelling at 750 km/sec (faster than
v, =617 km/sec).




Chapter 5

Neutron Stars and Pulsars

85.1 Introducing the space metric of a rotating neutron star

This Chapter is most short, and most complicate in the math among
the other Chapters of this book. We will apply our model of liquid stars
to neutron stars and pulsars. The high level of complexity is due to he
fact that, once we introduce, in the space metric, the rotation aound
even a single coordinate axis, the further calculations become highly
problematic. Anyhow, let us begin.

Neutron stars and pulsars are attributed to Type Il of our classi ca-
tion of stars according to the General Theory of Relativity (see Table 1.1
in 81.2). This means that the physical radiusa of such a star is a little
larger than its Hilbert radius rg: the star is almost a collapsar, but still
has a possibility to shine as a regular star. In81.2 we showed that the
space metric of a liquid sphere transforms into de Sitter's metric of a
vacuum sphere under the condition of gravitational collapse &= rg, i.e.
the liquid sphere is a collapsar). The metric has the form (1.16)

r2 d2+sin?d 2 : (5.1)

2 2

a2=2 1 L @ge 9

4 a? r2
L =z
The physical parameters of neutron stars and pulsars are closeotthe
parameters of collapsars, but are not the same (see Table 1.1). Enefore
the metric (5.1), which includes the collapse condition, is close to the
true metric of a neutron star or a pulsar, but is not.

How to modify the space metric of a collapsar, (5.1), in order to
obtain the metric of a neutron star or a pulsar? To leave the collapse
condition, but be near it in the same time. Easy.

Remind, the particular condition of gravitational collapse (goo=0)
comes from the general condition of gravitational collapse accoidg to
which the physical observable time (1.30) stops on the surface of the
object

d = Powdt+ 2 _dx =0: (5.2)
C" Qoo

If the local space of the object does not rotate (allgg; =0), the afore-
mentioned particular condition of collapse (oo =0) occurs.
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Once the object rotates (at least one of all three quantitiesg,; is non-
zero), the condition gpp =0 can remain true on the surface of the object
but does not mean gravitational collapse. This is due to the second
term of the complete condition of collapse (5.2) which is non-zero in tts
case. Therefore, once the rotation is introduced into the metric §.1),
the metric describes the sphere which is out the state of gravitatioal
collapse. The faster the sphere rotates, the more its state di es from
the state of a collapsed sphere.

If we will nd, in addition to the modi ed metric which contains the
rotation, Einstein's eld equations in the form containing the strong
magnetic eld and also, in the same time, satisfying this metric, we will
have the complete description of a neutron star or a pulsar. This is or
research plan for this Chapter.

First, we add the space rotation to the metric (5.1), according to the
theory of chronometric invariant: see formulae (1.45) of§1.3. Assume
that the object | the liquid sphere of the radius a | rotates, with an
angular speed! , along its equatorial axis (the axis in the spherical
coordinatesr, , ). In this case, the initially metric of the collapsed
liquid sphere (5.1) takes the following form

1 2 2lr 2
d2= = 1 = diz+ 219 cqtd
4 a2 c

dr?

r2

r2d?+sin?d 2 ; (5.3
1 =
a

which means that the sphere is not a collapsar (due to the rotationsee
the explanation above).

The linear velocity of such a rotation is determined by go; of the
space metric according to the general formula (1.45). In the premnt
case of the metric (5.3), it has the form

2lar 2 cos
vi=Vv,=0; V3= P——: (5.4)
az r?
The ultimate magnitude of the rotation speed of the neutron stars
registered in the astronomical observations, is about ;1000 km/sec. We
therefore neglect the terms‘é—i, wherev2=hKv,v,  ¢2. The condition
v2  ¢? also means that the rotating body remains to be a sphere.

The three-dimensional observable chr.inv.-metric tensorhy (1.34)
of the space, whose metric is (5.3), has the components
1 a? 1 )

m: 2 12’ has = @:r ; ha=

1_ 2 cin? -
=z =r°sin”; (5.5)

hi1 = H
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while the determinant of the chr.inv.-metric tensor hy, and its non-zero
logarithmic derivatives along the spatial coordinates are

2¢4 cin?
h=det khyk= &5 =0 (5.6)
p_
@n h_ 2a® r?2
@r r(@ r?’ ©.7)
p_
@(; h =cot : (5.8)

Also, due to the assumed conditionv®> ¢ (the non-relativistic ro-
tation of the object), the chr.inv.-di erential operator along the spatial
coordinates (1.41) coincides with the regular di erential operator.

With goo and go; of the metric (5.3), we now deduce the formulae
for the chr.inv.-vector of the gravitational inertial force F; acting in the
space, and for the chr.inv.-tensor of the angular rotation of the pace,
Ai . According to the de nitions of these quantities which come from
the chronometrically invariant formalism (see §1.3), we obtain

cr L cr
Fj_ = a2 r2 y F - ? y (59)
9
2la 3r cos 2la cos
A= == 2. AB= pf2 > 2
BT (@ rz)32 raZz rZsin’? T
A lar 2sin A28 la 3 (510)
= —pi' = —97— . y
2 az r2 r2- a2 r2sin

Two other chronometrically invariant (physical observable) quanti-
ties will be needed for our further calculations of Einstein's eld equa
tions. These are the chr.inv.-Christo el symbols of the second kind |,
and the chr.inv.-curvature tensor Cyqj . After some algebra according to
the general formulae of these quantities (se&l.3 for detail), we obtain
that, in the space of the metric (5.3), the chr.inv.-Christo el symb ols

I, have the following non-zero components

1 r . 1 r(@ rz); (5.11)

N
N
|

3= ———-sin";

2 2
3 r(aazr) in? = f= r}; (5.12)

2= sin cos; 3, =cot ; (5.13)
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while the non-zero components of the chr.inv.-curvature tensoCj; are

r2
Cro12 = 2 12’ (5.14)
r2 5
Ciz1z = 2 2 S (5.15)
r4
Co3p3 = ? sin2 : (516)

Respectively, the contraction Cx = h™ Cinkn  (the chr.inv.-analogy of
Ricci's tensor) has the following non-zero components

2 2r? 2r?
2 12 ;o Coo = ’a i Csz= 2z sin® : (5.17)

Cu = >

With these characteristics of the space of the metric (5.3), we are
able to deduce Einstein's eld equations in the form satisfying the metic
(that is the next step of our research of neutron stars and pulses).

85.2 Einstein's eld equations and the conservation law equa -
tions satisfying the metric

Consider the chr.inv.-Einstein equations in the general form (1.85-87).
In a stationary space (that means that the space is free of defonations),
such as the space of the metric (5.3) that we suggest to neutrontars
and pulsars, the chr.inv.-Einstein equations take the simpli ed form

4 1 4 {
| — 2 2.

Aj|A] + rj C—ZFJ' Fl = 5 c°+U + c5 (5.18)

2 i i i.

SRAT Al = (0 (5.19)
L1 1

2Aij Ak + > riFx + rgFi ?FiFk CZCik =

= {5 Czhik + 2 Uik Uhy + Czhiki (5.20)

Herein, , J', and U* are the chr.inv.-projections (1.84) of the energy-
momentum tensor of the continuous matter that Ils the space. These
are the observable density of mass, the observable density of m@ntum,

and the observable stress-tensor, respectively. Whil&J = hik Uy is the

trace of the observable stress-tensor. Note that the energgaomentum

tensor has now an arbitrary form. So, the sort of the distributed matter

is not speci ed for yet.



85.2 Einstein's field equations and the conservation law 119

Substitute, into the equations, the chr.inv.-characteristics of the met-
ric (5.3). While doing so we should take into account the fact that the
initially (non-rotating) metric (5.1) was deduced under the conditions
a?=2>0and > 0 (see§l.2 for detail). As a result, we transform the
chr.inv.-Einstein equations (5.18{5.20) to the form

8! 2a* cot? 21282 {
2la cot
r2- a2 r2sin

8! 2a*cot?  {

(c?+ U); (5.21)

(@ r2)? S(c? V) 2 ; (5.23)
% = { Un; (5.24)
52' 2?22 {E(CZ U)= {:Jzzz? (5.25)
jzl 2?22 + 8(!:2a4 fﬁ’)f {5( c? U)= rﬁ;’;g (5.26)

By the calculation of U= h* Uy = h'1Uy; + h?2U; + h33Us3 from
the three respective tensorial equations of these, we obtain theelation
which connects the quantities and U

16! 2a*cot?> = 4!2a%2 _{

2 .
@ o @t 20t U (5.27)

Summarizing (5.21) and (5.27), we obtain the formula for the density
of the distributed matter that lls the space
12! 2a% cot? N 31 252

={ c% (5.28)
Multiplying (5.21) by 3, then subtracting (5.27) from the obtained
product, we obtain the formula for U

41 2a* cot? I 282

={U: (5.29)

Comparing the obtained formulae (5.28) and (5.29), we see that
and U of the distributed matter which lIs the space of the metric (5.3)
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are connected to each other by the relation

U= I c2 (5.30)
3
Finally, we transform the four tensorial equations of the obtained
chr.inv.-Einstein equations (5.21{5.26) so that they express the no-
zero contravariant components of the stress-tensorU'l=himhi"y,, ,
U= hmh2"Uy,, U%2=h2"h2"U,,,, U33=h3"h3"U,,. Taking the
obtained relation U = % c? (5.30) and also the obtained formula for
(5.28) into account, we obtain

_ 8!'2a%2cot?  { c?(a® r?)

{ut T Pt (5.31)
{u* %; (5.32)
{U%= riz :2'—%:22 { ;2 ; (5.33)
{U® = rzslinz jz' 2"’:22 + (a82! 2?:)2 { 3‘52 : (5.34)

Now, we have to check whether the obtained chr.inv.-Einstein equa-
tions (i.e. the given particular type of the distributed matter) satis fying
the metric (5.3) or not.

How to do it? The terms consisting Einstein's eld equations are of
two sorts. These are the characteristics of the particular spacand the
characteristics of the matter which lIs the space (the latter are the com-
ponents of the energy-momentum tensor of the matter). Suppse that
we have received, in another way, the formulae for the componestof
the energy-momentum tensor of the given matter as expressedtough
the characteristics of the given space. Then, substituting one i the
other, we will see: if the equations become identities, they satisfytte
particular space; however if not, then not.

To nd how ,J', and U of the obtained chr.inv.-Einstein equa-
tions are expressed through the geometric characteristics of th space,
we consider the conservation law equations (1.89{1.90). The equiins
are the extended chr.inv.-notation of the conservation lawr T =0
for the energy-momentum tensor of the distributed matter.

In the space, which is free of deformations, such as the space dfet
metric (5.3) we suggested to neutron stars and pulsars, the corsvation
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law equations (1.89{1.90) take the simpli ed form

@ g Lo diog.
Bt B ghii=os 639
@(;)Jt +2AK'+ BU  Fr=0; (5.36)

where €= r; C%Fi (see Notations). According to the obtained
chr.inv.-Einstein equations, we have onlyJ®6 0 of all the three compo-
nents J' of the observable density of momentum in the rotating liquid
sphere. Also, as was shown irg4.2, only F; 60 therein. Therefore,
concerning the scalar conservation law equation (5.35), we have

€ J! éFiJi: €33 C%FSJSZ
= —g§+J3 B C%F;;J3 éF333:03 (5.37)

As a result, the scalar conservation law equation (5.35) transforra into
the condition
@

@t
which means that the observable density of the matter (the liquid sib-
stance and the elds) that lls the sphere is stationary.

Of the three vectorial conservation law equations (5.36), the eqation
with the index k=3 vanishes. The rest two vectorial equations (with
k=1;2) take the form, respectively

0; (5.38)

p_.
2 2 1 2
2Az3; (& r)J3+ @y . @y . @n h U2 4
a? @r @ @
p_ !
@n h 1
+ pUE+ HUR+ 4+ @r z2h utt= F % (5.39)
p |
2 2 h
2A32J3+ @U + @G + @n h U22+
r2 @r @ @
I
) @npﬁ 1

+ 5U¥+ 2 5+ ZF1 U¥=0: (540)

@r
Consider these two conservation law equations (5.39, 5.40) which

remain non-vanished for yet. Substitute, into the equations, thecharac-

teristics of the space of the rotating liquid sphere and the charaatristics
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of the matter which lIs it. The formulae for U¥ (5.31{5.34) and the
formula for J2 (5.22) which come from the chr.inv.-Einstein equations.
The formulae for the logarithmic derivatives (5.7, 5.8). The obtained
formula for (5.28). The formulae for the acting gravitational inertial
force F; (5.9) and for the non-zero componentsA3, Az of the tensor
of the angular rotation of the space (5.10). When all the formulae lave
been substituted into the remaining conservation law equations (5.9,
5.40), after some algebra we see that the equations vanish as well.

So, the common solution of Einstein's eld equations and the con-
servation law equations in the space of the rotating liquid sphere shwed
that the suggested equations are valid in the space. In other worsl the
space metric (5.3) we have suggested to neutron stars or pulsassitis es
Einstein's eld equations (and vice versa).

85.3 Introducing the electromagnetic eld

As is known, every neutron star or pulsar bears the strong magre
eld. Therefore, we go to the next stage in this research. We needo
introduce such an energy-momentum tensor that describes thelectro-
magnetic eld and satis es the relation U = % c¢? (5.30) which follows
from the obtained chr.inv.-Einstein equations. The energy-momentm
tensor which satis es the relation U = 3 c?, satis es the space metric
we suggested to neutron stars and pulsars. Once the energy-mentum
tensor will be obtained, the equations of the electromagnetic eld vl
be able to be deduced. Then we conclude how the electromagneticla
is distributed inside a neutron star or a pulsar, according to our theory.
This is our plan for now.

The energy-momentum tensor of an arbitrary electromagnetic dd
has the following general form

1

1
en=7cz FF +30 FF (5.41)

where F  is the electromagnetic eld tensor (the Maxwell tensor). It
is the curl of the four-dimensional electromagnetic potential A

_@A @A,
T @x  @x
The physical observable chr.inv.-projections of the vectorA are the

scalar potential ' and the vector potential g of the electromagnetic
eld

F =r A r (542)

R N IS (5.43)
Joo
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The theory of the electromagnetic eld expressed in terms of the
chronometrically invariant formalism is well developed in our book [18].
(See Chapter 3 therein.) So forth we follow with the theory, and reér
everyone who is curious in the details to the book.

The physical observable components of the electromagnetic elddn-
sorF  (5.42) have the form

_Too_ EE'+HH',

e T (5.44)
) Ti 1 .
3= p—cg_(; = o EH (5.45)
Udy = T = onc?h® %(EiEk+ H'H ¥): (5.46)

Herein, E' and H ' are, respectively, the three-dimensional chr.inv.-
vector and chr.inv.-pseudo-vector of the electric and magnetic sengthes
of the eld, while "™ s the unit completely antisymmetric three-
dimensional chr.inv.-pseudo-tensor. They are expressed as [18]

9

ik _  wikn . _ @ } @4 I_ 2
TR Flexcer @ B
1 2 3 .

H 1 = E ulmn H mn , Hmr_| = gg % ? Amr_| 1]

We see that the observable electric and magnetic strengthes depé
on not only the electromagnetic eld itself (the scalar and vectorial
potentials, ' and q'), but also on the acting gravitational inertial force
Fi and the angular velocity of the space rotation,Aj .

Pulsars are the massive objects which possess the strong electro
magnetic eld and the rapid rotation. Therefore, the factors of F; and
Aj are signi cant in our study. We will, however, neglect the temporal
variations and spatial non-uniformities of the electromagnetic poen-
tials by assuming' = const and ¢ = const. With these assumptions,
the observable electric and magnetic strengthes take the form

E = —F: Hi= 20 (5.48)
I C2 ] c 1 .
where ' is the three-dimensional chr.inv.-pseudo-vector of the angular
velocity that the star rotates
}uimn Amn ; i =

2

"o AT (5.49)

NI =



124 Chapter 5 Neutron Stars and Pulsars

The components of the chr.inv.-tensor of the angular speed of thepace
rotation, Aj , are determined by the metric of the space of the rotating
star. They, calculated for the metric of a neutron star or a pulsar, are
presented in formula (5.10).

Note. The formulae for the electric strength and the magnetic
strength (5.48) which we nally suggest to neutron stars and pulsas,
manifest that the electromagnetic eld of such a star is due to its grav-
itation and rotation. Namely, | the electric strength E' of the eld
is manifested only due to the gravitational eld of the star (even if the
electromagnetic eld potential ' is presented in the star). The magnetic
strength H ' is manifested only if the star rotates.

Using these formulae forE' and H ' (5.48), and all the aforemen-
tioned assumptions we suggested to neutron stars and pulsarsenrans-
form the physical observable components of the electromagnetield
tensorF  (5.44{5.45) to the form

"2 FF ,
— J . .
em= 54 4@ ¢ L (5.50)
dm e (5.51)
em 2C4 k m .
) "2 R FI : ) "2 Fipk .
Un=gcr st 0 M o et 69D

which corresponds to the vortex-free electromagnetic eld of a eutron
star or a pulsar. From here, we obtain the formula for Ugm = hik Ué'ﬁn

‘2 FF

= W 4(:2 + ] J = emCZZ (553)

Uem

As is seen from this formula, (5.53), in the framework of the assunt
conditions of the particular electromagnetic eld, we have U= c?.
However, as we obtained earlier for the space metric of a liquid neu-
tron star or a liquid pulsar, there should be U = % c? (5.30). In other
words, according to the metric, we should have

1
Uem = 3 emC; (5.54)

where _ .

i _3 i .
T q{e
Therefore, our task now is to nd such a physical condition under which
the electromagnetic eld satis es (5.55), and hence (5.54).

(5.55)

Uem =
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Let us nd the condition. With the use of the obtained relationship
Uem = emC (5.53), we re-write the (desirable) formulaUem = {l i !
(5.55) in the form

2 FF . .
— e+ ;1 =L 5.56
2c2  4c? ! { (5.56)
or, because{ = £ in the equivalent notation
(o3
G' 2
¢ 1= —< FFi: (5.57)
1 4 2
c4
Note that the quantity Gc'42 is dimensionless. The scalar electromagnetic
potential is constant, ' = const, according to our initially assumptions.
Therefore, and because the magnetic strength il '= ZT ' (5.48),
the stationary rotating star is a permanent magnet
Denote
G' 2
—  =n;: 5.58
= (5.58)

wheren< %, while ¢ and G are the fundamental constants. Therefore,

02 4 h 1=2 1=2i
T . gram cm .
= EPE < 1:74 107 e - (5.59)
Having the scalar electromagnetic potential' within this scale of the
magnitudes, the electromagnetic eld satis es the space metric ofa
neutron star or a pulsar.
As a result, we re-write the obtained formula (5.57) in the form

; n i 1
2 . = FF': n< Z: 5.60
' 1 4n ' 4 (5.60)
With this particular condition, which connects the acting force of gravi-
tation and the angular velocity of rotation of the space, the electomag-
netic eld satis es the space metric and Einstein's eld equations which
we suggested to neutron stars or pulsars.

85.4 The distribution of the magnetic strength

To nd how the magnetic strength is distributed along the surface of a
neutron star or a pulsar, we consider Maxwell's equations. The gemal
formulation of the two groups of Maxwell's equations is

4
rF =i rF =0 (5.61)
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whereF =" F is the pseudo-tensor which is dual to the elec-
tromagnetic eld tensor F , while j is the four-dimensional current
vector.

This formulation of Maxwell's equations means an arbitrary elec-
tromagnetic eld. Transform it with taking into account our assump -
tions which are particular to neutron stars and pulsars. As previotsly,
we neglect the temporal variations and spatial non-uniformities ofthe
electromagnetic potentials by assuming = const and g = const. With
these assumptions, the current vector is zeroj( =0) thus Maxwell's
equations (5.61) take the particular form

r F =0; r F =0: (5.62)

Write down the particular Maxwell equations (5.62) according to the
chronometrically invariant formalism. The chr.inv.-Maxwell equations
have the form (see Chapter 3 of the book [18] for detail)

1 9
rjEl CHYA =0 2
‘ I; (5.63)
Hk S FH* = =—+DE' =07
F 2z X c Ot
_ 9
riH | E*Ax =0 2
, I:  (5.64)
. 1 4 1 @H 4 3 '
Ek ZFREK = +DH ' =0
Fk 2 X c @t
whereE * = "kn E, s the pseudo-tensor which is dual to the electric

strength tensor E;, while D = hk Dy is the rate of the deformation of
the space. Because the space of the rotating liquid sphere which isder
our consideration does not deform, and also, according to our initidy
assumptions, the electric and magnetic strengthes are stationgr the
chr.inv.-Maxwell equations take the simpli ed form

o1 9

rjE' EHIkAik =0 2

l; (5.65)
rH* C—lekH"‘=0'>
1 .
riH' ZE *Ax=0 2
C1 I (5.66)
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Substitute, into the chr.inv.-Maxwell equation (5.65, 5.66) which
are already adapted to the space metric of a neutron star or a pul-
sar, the respective formulae forE' and H* (5.48) (and those for their
dual preudo-tensors), and also the respective characteristiasf the space
which we have obtained in&4.1.

The rst (scalar) equation of Group | (5.65) takes the form
c® 3a%2 2r? ,
P B I (5.67)

Two of the vectorial equations of Group | vanish, while the third vec-
torial equation takes the form

2!a3 cot
r3@ r2)" aZ r2 sin

=0; (5.68)

where! , according to the space metric of the star (5.3), is the angular
speed of the rotation of the star along the equatorial axis . Both the
scalar and vectorial equations of Group Il (5.66). Therefore, the dry rest
which we have from the chr.inv.-Maxwell equations adapted to neuton
stars and pulsars, are only the equations (5.67) and (5.68).

Due to the obvious assumption that stars are not point-like object
(so, a> 0), and that the radial coordinate is positive (r> 0), we arrive
at the solely valid solution of the equation (5.68):

= 3 (5.69)
The solution means that the vectorial equation of Group | of the chr.inv.-
Maxwell equations is applicable only to the poles of a neutron star or a
pulsar.

The vectorial equation of Group | describes the chr.inv.-function

r « H¥, which means the observable three-dimensional distribution
of the magnetic strength H* of the electromagnetic eld of the star.
Therefore, the solution (5.69) we have obtained means that the mg-
netic eld of a neutron star or a pulsar manifests itself only at the Sauth
Pole and North Pole of the star.

Calculate the magnetic strengthH '= £~ (5.48) for this case.
The components of the unit antisymmentric chr.inv.-pseudo-tenso "™
are explained in detail in Chapter 2 of the book [18]. Thus, after algeba
we obtain the components of the angular velocity chr.inv.-pseudo-gctor

I (5.49) of the star

A P la?
1 23:|. :A23 h= .
el 1 2 12

(5.70)
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, Az _ 2la?cot _uP—_ 2la?rcot
_pf_r(a2 2 2= A h= 2 12 - (5.71)

According to the obtained solution of the chr.inv.-Maxwell equa-
tions, whichis = 5 (5.69), we have cot =0 in the case. Therefore,

2= ,=0. This means that the magnetic eld of a neutron star or
a pulsar has the solely non-zero componentd = ZT 1, which thus
is the radial r-components directed from the centre of the star to its
South Pole and North Pole, then | to the respective polar directions
from the star into the outer cosmos.

This result, in common with the solution = 5, were obtained on
the basis of our mathematical theory of the liquid neutron stars ard
pulsars. These purely theoretical results completely coincide with te
well-known observational data about the pulsars.

85.5 The frequency and the magnetic strength of a pulsar

The electromagnetic radiation of a pulsar (rapidly rotating neutron star)
is the same as the rotational frequency of the star itself. Let usalculate,
on the basis of our theory of the liquid neutron stars and pulsars, he
frequency of the electromagnetic radiation of a typical pulsar.

Calculate ; ! at the South Pole and North Pole of a rotating
neutron star (a pulsar), where = . We obtain
. | 2a2
. ] = 1_ - .
i = 1 =2 2 (5.72)

Then the condition (5.60), which connects the angular velocity of rda-
tion of the space and the force of gravity acting in it, takes the fom

1222 n crz
a? r2 1 4n a?(a? r?)’

(5.73)

The magnetic strength of the electromagnetic eld of a neutron str
or a pulsar is expressed aBl ' = ZT ' (5.48). Itis due to the rotation
of the star. Therefore, studying of the obtained relation (5.73),we can
make a conclusion about the electromagnetic radiation of the star.

The relation (5.73) has a breaking at the surface of the stari(= a).
We therefore assumea 6 a. The relation (5.73) thus takes the form

, 1 4n12a%
r — (5.74)

wherer, with taking the previous solution = 5 (5.69) into account,
is the radial distance along the polar axis of the rotation of the star
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If the electromagnetic radiation is produced near the surface oftie
star, inside the surface layer, we have ' a. Thus, after some trivial
transformations, we obtain the formula for the frequency of theoscilla-
tion of the magnetic eld of the star

r
n c
I =1 ; o= —; 5.75
T 0= < (5.75)

where!  is the ultimate high rotational frequency of the star, at which
the star rotates with the light speed.

Assume a=10%cm which is the typical radius of a neutron star.
With this radius, we obtain

lo=3 10 sec ®: (5.76)

It follows, from (5.75), that n is expressed as
1 2

n= ———:
2 2
1§+4!

(5.77)
The observed frequencies of the radio-pulsars are in the range tveeen
' min =0:53 and ! nax =448:57 sec!. This means that!2 2. We
therefore can neglect! in the denominator of (5.77). We obtain

1 2 1 2a2

n= — = : (5.78)

12 @

Therefore, for the real radio-pulsars, the numbem lies in the range

3110 ¥<n< 22 10 * (5.79)

Also, according to formula (5.58) deduced in the framework of our

theory, the scalar potential of the electromagnetic eld of a pulsa is
r
. n.
=c¢? S (5.80)

Consequently, for the real radio-pulsars, we have
6:1 10° <'< 52 107 (5.81)

in [gram*2cm!2sec 1]. This interval of the magnitudes of ' satis es
the upper theoretical limitation on the potential, which, according to
our theory, is '< 1:74 10?* gram*?cm!?sec ! (5.59).

Finally, we now will calculate, on the basis of our theory, the ex-
pected range of the magnitudes for the magnetic eld strengthH ' of
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the pulsars. According to our theory of the liquid neutron stars ard
pulsars,H = 2~ 1 (5.48). With the calculated range of the magni-
tudes of the scalar electromagnetic potential , and with the esteemed
range of the rotational frequencies! of the pulsars, we obtain

2:1 10°<H < 1:5 10%; (5.82)

in [gram'™?cm *2sec !]. This range of the numerical values very cor-
responds to the magnitudes of the magnetic eld of the radio-pulsas,
which are known due to the radio-astronomical observations.

85.6 Solving Maxwell's equations in the stationary vortex-
free magnetic eld of a neutron star

Previously, in 85.4{8.5, we studied Maxwell's equations in the elec-
tromagnetic eld of a neutron star or a pulsar under the assumption
that the four-dimensional current vector j was zero within the eld
(j =0). See (5.62) and so forth. In other words, we assumed that th
electromagnetic eld was free of currents.

Further, this assumption generates the following problem. Look at
the formula for the observable momentum of the electromagnetic eld
Jl, (5.51), which is the Poynting vector of the eld. It has the form

v 2

= %"'km ExH m = Z—CAHIkm Fk m: (5.83)
By the current-free assumptionj =0 made in 85.4, we obtained that
only the componentH 1= ZT 1 of the magnetic eld strength H
was non-zero at the South Pole and North Pole of the star. In this ase
the circular momentum of the eld, JZ.,, which should generate the mag-
netic componentH *, would have been zeroJ3, = ;£ "3?E;H ,=0.
This causes some trouble, because a model that satis es astromical
observations of the pulsars should obviously shovH = 27 80
and 33, = A "3?EH ,60.

Recall that we previously arrived at the di culty that H 160 but
J3,=0 as a result of our assumption according to which the electro-
magnetic eld was free of currents § =0). Therefore, we now will solve
Maxwell's equations in common with the conditionj 60.

First, we will resolve this problem in the vortex-free electromagneic
eld. In 8.7, this problem will be solved in the vortical eld.

The space (space-time) metric of the rotating neutron star has he
form (5.3). This metric means that the liquid sphere is not a collapsar
due to its rotation (see the necessary explanation in the beginning fo
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this Chapter). Physical and geometric characteristics of the spae were

calculated and presented in§5.1. In addition to these, we only should

add that the pseudo-vector of the angular velocity of space rotdon,
= 1mmn AL has the following components

9
2
L= 1= 2 2
at 1 . (5.84)
_ 2laZcot _ 2la?rcot B '
T r@@ ry’ 2 a2 r2 '

Respectively, the square of the pseudo-vector of the angular \&city is
I 232 4a? cot?
1+

j - a2 r2 a2 r2 (585)

Assume now that the scalar electromagnetic potential of the eld re-
mains unchanged, = const, while the vectorial electromagnetic poten-
tial g; is vortex-free. Then the components of the electric and magnetic
eld strengths (5.47) take the form

) ' ) ' 9
E'= 2 F' Ei = =z Fi 2
L ” o (586)
H'= 5 "™ Ho Hpn = ?Amn
Herein, using the de niton of ', whichis "= "™ Aq,, we rewrite
the formula for H ' in the form
. > :
H'= ? ' H,;= ? i (587)

Using the formula for F; (5.9), then calculating *and 2 from (5.84),
we obtain the substantial components ofE' and H '. They are

— . 1_— .
Ei= Ef= (5.88)
2'la 2 2'!
Hi= ————; H'= —j\ :
1 NCARDE - (5.89)
41a 2rcot 41a 2cot
H = - 2 - _ .
2 c(@z r2) ’ cr(@ r?) (5.90)

Let us nd how the magnetic strength is distributed along the surface
of the sphere. Consider Maxwell's equations in their full form (5.61)

4
rF =i rF =0 (5.91)
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which implies the presence of the eld current § 60). According to
the chronometrically invariant formalism, their physically observable
(chronometrically invariant) projections | the chr.inv.-Maxwell equ a-
tions | have the form (see Chapter 3 of the book [18] for detail)

1 9
rpEL CHR A =4 3
: I, (5.92)
« 1_ . 1 @t 4 3
H ik - F H ik - + DE I - _ I .
Fk 2 X c @Ot c J
1 9
riH : E E ik Ak =0 §
i I:  (5.93)
o1 .1 @H! . 3
E* SRE® = +DH ' =0 ;
' 2 K c @t
Herein,E * = "k E, is the pseudo-tensor which is dual to the electric

strength tensor E;, while D = hk Dy is the rate of space deformation.
Because the space of the rotating liquid sphere which we consider de
not deform, and also, according to our initial assumptions, the eletic

and magnetic strengths are stationary, the chr.inv.-Maxwell equdions

take the simpli ed form

: 1 . 9
rjE! EHlkAik=4 2
l; (5.94)
; 1 ; 4 . >
rkHlk _ZFkHlkz_Jl y
¢ c
o1 9
r i H ! E E ik Aik = 0 E
1 § S I (5.95)
r«E ) FcE =0
c
The rst equation of Group | (5.94) takes the form
o252 2 cot2 ' 2 2
4'l “a N 4a7 cot (3a® 2r9) -4 . (5.96)
c2(a?z r?) a2 r? a2(a?z r?)

It follows from the second equation of Group | thatj=j2=0 in the
framework of our model, while the equation forj ® takes the form

a 3 cot 3

) = l

r2(a r2)" a2 r2sin

(5.97)
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and the absolute value of the chr.inv.-current vectorj' is

j—pW— 'la 3cot _
= jujk= -
r (a2 rZ)Va2 r2

(5.98)

Equations of Group Il (5.95) satisfy themselves as identities. So,hese
formulae for , j3, and j (5.96{5.98) are the exact solutions to the
Maxwell equations we have just considered.

So, we have obtained the exact solutions to Maxwell's equations in
the internal electromagnetic eld of a neutron star or a pulsar, where
the eld originates due to its sources: the distributed charges and the
currents j .

The conservation law of the electric charges and the currents set
up a connexion between the sources of the electromagnetic eld. fe
generally covariant form of the conservation law, which is also known
as the continuity equation, has the form

rj =0: (5.99)

It means that the distributed charges and the currentsj', which are
the respective physically observable (chronometrically invariant) go-
jections of the four-dimensional current vectorj , are conserved within
the four-dimensional volume of the eld. Also, Maxwell's equations awe
connected by the Lorenz condition

r A =0; (5.100)

which is imposed on the four-dimensional electromagnetic potentiah .

In a general case, the conservation law j =0 and the Lorentz
condition r A =0 written in terms of the chronometrically invariant
formalism, have the form (see Chapter 3 of the book [18]), respeieily,

@ i 1 il=0 -

t+ D + ,eIJ Fij'=0; (5.101)
1@ i 1 d—n- 10
_—t + _C D 'el q CZ I:I q 0 1 (5 2)

where €, = r C%Fi (seeNotations for de nition of r ;).

It is easy to show that, under the particular conditions of the prob-
lem we are considering, the chr.inv.-continuity equations (5.101) and
the chr.inv.-Lorentz conditions (5.102) are satis ed as identities.

Now, on the basis of the obtained exact solutions (5.96{5.98) of the
Maxwell equations, we look for the Poynting vector J.,, that is the
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observable momentum of the electromagnetic eld. We need to know
how the Poynting vector is distributed along the surface of the splere,
which is the surface of a neutron star or a pulsar.

The Poynting vector J!, is the second of the three physically ob-
servable projections of the electromagnetic eld tensofF (5.42), which
are em (5.44), Ji, (5.45), and UX, (5.46). We look for the Poynting
vector J.,, (5.45) in the framework of the particular conditions accord-
ing to which the scalar potential ' of the electromagnetic eld remains
constant, while the vectorial potential ¢ of the eld is vortex-free, i.e.

@1 @a_
@% @k

Substituting, into (5.44{5.46), the substantial (non-zero) compo-
nents of the electric strengthE' and the magnetic strengthH ', which
are (5.88{5.90), we obtain

' = const; 0:

_ % FF [
em — 571 4c2 + j -
v 2 1252 4! 234 cot? 2r2
= a zacot | ' . (5.103)
2c4 a2 r2 (a2 r2)2 4a%(a2  r2?)
33 _i.-ikmF _ 2R, 2 _
em~ 2c¢4 KomT ot T
'2la cot
= —, 5.104
c2(a? r2)%2Zsin ( )
P———— ' lar cot
Jem= hgd3 3 = — . (5.105)

cZ(a2 r2)32’

Looking at these equations, we can conclude something about the
neutron stars and pulsars whose electromagnetic eld is vortex+ee (the
case of the85.6). So, we see that the electromagnetic eld density em
is due to the gravitational inertial force, which is the non-Newtonian
force of repulsionF; acting within the sphere, and due to the sphere's
rotation. The electromagnetic eld density ¢n can be non-zero by the
separate conditionF; 60 or Ay 60, and the common condition F; 6 0
and Ay 60. The density of the eld momentum Jém iS non-zero only
by the common condition F; 60 and Ay 60.

As follows from (5.103), the density m of the vortex-free electro-
magnetic eld of a rotating neutron star (a pulsar) is zero at the equator
of the star ( =0). Then the eld density ¢m increases with the geo-

graphic latitude to the South Pole and North Pole, where = 5 so
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the density of the vortex-free electromagnetic eld takes the ulimately
high magnitude em=( em)max-

Contrarily, the density of the electromagnetic eld momentum J!
(5.105) is ultimately high at the equator, where =0. Then the magni-
tude of the eld momentum J/,, falls down with the geographic latitude

to the South Pole and North Pole, where it isJi, =0.

In addition to these, we can also conclude something about the
charge density and the currentsj' within the vortex-free electromag-
netic eld of a neutron star or a pulsar.

We can initially re-write the respective formulae for the charge den-
sity  (5.96) and the current j2 (5.97), obtained from Group | of the
chr.inv.-Maxwell equations, as follows:

: 9 _
Y p ! 2" Fo (5.106)
3 la 3 cot (5.107)
"= r2(a2 r2)32sin ’ '
where 2@ 2r7)
; a r
CEl = >0 _
r @ O (5.108)
. P———  la 3cot
= hsjdid, = T(@ o (5.109)

As a result, we see that the electromagnetic charge density within a
neutron star or a pulsar is positive > 0 (that should be according to
the physical sense of a physical eld) if

1 _
j > 2 rj Fl: (5.110)

Now re-write this inequality with the formula for ~ (5.96). We obtain the
following condition which is necessary according to the physical sees

41 252 4 cot? 3az 2r2
1+ > :
c? az r? a2

(5.111)

Compare the formulae for the electromagnetic eld currentj 3 (5.107)
and its power j (5.109) to the obtained formulae for the density of
the electromagnetic eld momentum J3., (5.104) and the power of the
momentum Jem (5.105). We have

r 2 r 2

i3 lem= ——j: (5.112)

en = 71" 2
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Taking (5.57) into account, we express the scalar electromagnetic

eld potential ' (which is ' = const, according to our initial assump-
2

tions) through the dimensionless constantn = GC4 (5.58) (the constant

isn< %, see in the end of85.3, for detail). So, we have

r

n , _ nct
r= o 2= < = 11
X G n< g (5.113)
With these, we obtain
n . 1 .
m=za 1 tgRF (5.114)
E.H 4ncd la cot
3 - Eqf 2 _ )
Jem “h G (a2 r2)3=2sin ' (5.115)
ro_
1 : 1 :
== % o gnF (5.116)
' n la 3 cot
. 3 - . .
p°= < Gr2(az r2)%2sin ' (5.117)
4y 2cr n
33 = —j3 (5.118)

We see that the greater the scalar electromagnetic potential (5.113)
of a neutron star or a pulsar, the stronger the three-dimensionhcircu-
lar current j 2 and the three-dimensional circular momentumJZ2,, of the
electromagnetic eld. Moreover, the current and momentum ow of
the electromagnetic eld exist in the star only if the star rotates on
the equatorial plane (x*;x3), i.e. only if ,60. If the neutron star
does not rotate ( ; ! =0), the electric charge density of its internal
electromagnetic eld would be negative (< 0).

So, we have arrived at a non-satisfactory result. Both the circu-
lar electromagnetic eld current j2 (the current j' that goes along the
longitude coordinate ) and the electromagnetic eld momentum J3,
(that is the Poynting vector of the eld) are zero at the South Pole and
North Pole of the star, where the geographical latitude is = -, and
reach the ultimate power at the equator ( = 0).

Herein, we have assumed that the electromagnetic eld of the ro-
tating neutron star is vortex-free. The nal feat to match with t he
observational data will be done with the vortical electromagnetic eld
of a rotating neutron star (a pulsar). We will do it next, in 85.7.
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85.7 Solving Maxwell's equations in the stationary vortical
magnetic eld of a neutron star

In analogy to 8§3.7, consider a rotating neutron star (a pulsar) whose
electromagnetic eld is vortical. The curl g of the three-dimensional
vectorial chr.inv.-potential ¢ of the eld is non-zero

_ @a @a,,.
Gk = @k @x 60: (5.119)
The four-dimensional electromagnetic eld potential
dx dx dx
A ="' —; ——— =1: 5.120
ds ' 9 & ds ( )
has two chr.inv.-projections
Ao ; 'e . dXi
—="¢ A'=d==Vv; vi=_—=—; 5.121
s 9= d ( )
where
vZ= hgvivk, v2 & ez g—— = " (5.122)
2
1z
According to our initial assumptions, ' = constand g* = ¢ =0 in the
eld. Thus v 3= g— =1, and the non-zero components of the vectorial
electromagnetic potential g and the eld curl gx have the form
S 5.123
q - C ! ( : )
'
G = 'Trzsin2 ; (5.124)
"
Os1 = %: = ZT rsin ; (5.125)
'l
O3 = %z 2Trzsin Cos : (5.126)

Using the de nition of the eld strengths (5.47), we calculate the
non-zero components of the magnetic strength of the vortical eld

2''r ?sin
Has = c P +CoS (5.127)
2' . 2as
Ha = 2 sin? il S (5.128)
c (@ r2) a? r2
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Using the relation

P 1., 2' i
H I = E unimn Amn - E uimn an'l ? I; (5129)
we re-write the componentsH 3 (5.127) andHz; (5.128) in the form
I
p H
2' 2 r?
Hi= 2 1+ -2 T os (5.130)
c a
p !
2'l aZ r2sin 2a2 cot

H 2= ; 5.131
cr a az r? ( )

while their covariant (lower-index) versions can be calculated as follars:
H = hllH 1 and H 2= hng 2,

Let us then nd the solution to the chr.inv.-Maxwell equations.
In the case where the electromagnetic eld is stationary, the chr.iwv.-
Maxwell equations have the form (5.94{5.95)

9
: 1 .
rjEl EH'kAik:4 2
I; (5.132)
_ 1 . 4 . >
Hlk —F Hlk:_'l,
Ik 2k CJ
9
1
riH' —E'kAik =0 2
¢ ok (5.133)

rE K éFkE k=0 °

After substituting the electric and magnetic strengths of the vortical
electromagnetic eld, we see that equations of Group Il (5.133) ae
satis ed as identities. Equations of Group Il take the form

4' 2 a2 1+ 4a2 cot? _acos
c? az r2 az r2 Va2 r2
L S (5.134)
a2(a2 r2) ’ '
3' la 3 cot 3

[ = J

+ —_—— 5.135
2% r2(@ r2)" & rZsin ( )

where and j 3 are the change density and the current of the vortical
electromagnetic eld. The physical sense of these equations redglooks
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more understandable when re-written in the form

' Co1 - ' 2 _acos
==z ;o erFl ?pW' (5.136)
a 3 cot 3'!
13- .
= : : 137
. r2(az r2)3<2sin 2a? (5.137)
where! = 1. Express now the charge density and the current j3

of the vortical electromagnetic eld through the same characteiistics
(5.106) andj® (5.107) we have calculated in the vortex-free eld

" 2
= pl%cs . (5.138)
c2 az r2
3'
i3 - :3 - .
= 222" (5.139)

As is seen from the equations (5.138) and (5.139), given a rotating
neutron star (a pulsar) whose electromagnetic eld is vortical, thecharge
density and currents of the eld dier from those of the vortex-f ree
electromagnetic eld by those terms depending on the star's rotaion.

Respectively, the eld density ¢m (5.44) and the circular momentum
ow J3 (5.45) of the vortical electromagnetic eld have the form

' 2 1

e v A L B
12 r2 sin’ a! 2cos
| 2 a .
tooa 121 = P (5.140)
"2 2la® cot
3 _
Jem = 5022 (a2 r2)3=2sin (5.141)
Or, in the other notation,
) 2 cin? 2
_ 2 r<sin | “facos |
em= em™ 2c4 ! a2 a2 r2 ' (5.142)
3 3 2
Jem = Jem m: (5143)

To understand the meaning of these resulting formulae, recall thg
as follows from the formulae forAz; (5.10)

_ 2la®rcos

A A3l = 2la cot
31 — -

_— — : 5.144
(a2 r2)3=2 r aZ rZsin ( )
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this component and hence the pseudo-vector 2= 1"21A3; depend on
the geographical latitude , while = 1"12A,3=1 does not.

The obtained formulae for the current vector j2 (5.139) and the
Poynting vector J2,, (5.143) of the vortical electromagnetic eld contain
that very term which does not depend on the geographical latitudeof
the star that possesses the eld. This means that, contrary to te
vortex-free electromagnetic eld, the current vector j 2 and the ow of
momentum J3. of the vortical electromagnetic eld are non-zero at the
South Pole and North Pole of the star.

The obtained result, 33,60 at the South Pole and North Pole,
means that a rotating neutron star whose electromagnetic eld is \or-
tical can emit electromagnetic radiation along its polar axis, while that
possessing a vortex-free electromagnetic eld | cannot.

Also, we have to make one more important conclusion in the frame-
work of our mathematical theory of pulsars. Look at the de nition of
the magnetic eld strength H "= 2"™ H, (5.47), which is

i — }--imn @H @m 2_‘ _
H =3 @8 @% c Amn =
—_ }--imn @H @m 2; i =
2 @r (@)% c
- %--imn o % E (5.145)

As is seen from this de nition, the pseudo-vector of the magnetic eld

strength H ' is the sum of the pseudo-vector of the electromagnetic eld
curlg' = 3"™" gy, and the pseudo-vector ' of the angular velocity of
the star's rotation. The magnetic eld strength H ' coincides with the
pseudo-vector of the star's rotation, ', only if the electromagnetic eld

curl gnn is zero. If gnn 60 which is true in a vortical electromagnetic

eld, H ' deviates '. The stronger the curlgn, of the electromagnetic
eld is, the more the magnetic axis deviates from the axis of the stais

rotation.

Astronomers inform us that the electromagnetic eld of observed
pulsars is very strong. They imply that electromagnetic radiation can
leave such a star only at the polar regions, where the latitudinal and
longitudinal electromagnetic eld components are not so strong asat
the equatorial latitudes. Also, according to the oscillating behavior of
the signal registered from pulsars, astronomers conclude thathe axis
of emission and the axis of rotation of the pulsar does not coincide. i\
these facts from observational astronomy match with our theoetical
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results about pulsars.
As a result, our mathematical theory of pulsars leads us to the fol-
lowing conclusions that match observational data:

~ A rotating neutron star can be a pulsar only if its electromagnetic
eld is vortical. Moreover, the curl of the electromagnetic eld
means that the magnetic axis does not coincide with the axis of
the star's rotation. Otherwise, in the neutron star whose electre
magnetic eld is vortex-free, electromagnetic radiation does not
come from the South Pole and North Pole of the star.

All these theoretical results have been obtained in the framework
of our assumption that the scalar and vectorial electromagnetic eld
potentials of the star do not depend on time. Of course, some tengral
variations of the potentials should pose an e ect on the Poynting vetor
(the ow of momentum) of the eld, and thus on the electromagnetic
radiation emitted by the pulsar. But now we neglect these e ects.

85.8 Geometrization of the vortical electromagnetic eld of
a neutron star

Geometrization of the electromagnetic eld is one of the primary taks

in the General Theory of Relativity. As was shown already by Ein-

stein, this problem in a general case is very non-trivial from the sideof

mathematics. So, it is still not resolved in general. Nevertheless, ge
ometrization of the electromagnetic eld is possible in particular cass,

under some particular conditions that simplify the mathematics.

We now show that in the particular case of a pulsar the electromag-
netic eld is geometrized. In the language of mathematics this means
that once we have Einstein's eld equations and Maxwell's equations,
the characteristics of the electromagnetic eld can be expressethrough
only the geometric characteristics of the space.

Consider Einstein's eld equations (5.18{5.20) and Maxwell's equa-
tions (5.132{5.133) we have obtained in the internal eld of a rotating
neutron star. Note that in the case of the de Sitter-like metric we have
derived for neutron stars, the -term describes physical vacuum in the
state of ination = (see Chapter 1 for detail). Also, as we showed
in 85.2, this form of Einstein's equations satis es the equations of con-
servation in the space.

We will consider the vortical electromagnetic eld. This is because
we have shown that only the vortical eld gives the result that matches
with astronomical observations of pulsars, i.e. the fact that a pular
emits electromagnetic radiation from only its polar regions.
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We have the scalar electromagnetic eld potential' (which remains
unchanged for each particular star, according to our initbal assunp-
tion) expressed through the fundamental constants as = ¢2 g (5.58),
wheren < % (see in the end 0f85.3). With it, we obtain the electric and
magnetic strengths of the vortical eld (see 85.7) in the form

r__
n cr
El= = = 5.146
r__
n ¢
E;= hyEl= — ; 5.147
1 11 G a2 r2 ( )
|
ro__ p :
2 2
Hi= 21c 2 14 & "o =
G a
|
r__ p :
n I az r2
= 2c = '+ cos ; 5.148
G a ( )
|
r _ .
g2 2le P sin 2a? cot
T G a a2 r2
|
r__ P :
n I~ a2 r?
= 2¢c — 2 sin 5.149
G ar ( )
1 a’ 1
Hi=hyH "= 2 12 H 5 (5.150)
H 2= hpH 2=r%H 2 (5.151)
Herein, according to the internal space metric of a rotating neution star
or a pulsar, we have ! (5.70), 2 (5.71), ; ' (5.85):
A p— la?
1= 2=y =A% h= 5.152
0, . et (5.152)
A 2la ? cot P—  2la?rcot
2 _ 31 _ . — 31 — .
= p== ———— = A h= —; (5.153
h r(@ r?2)’ 2 az rz '’ ( )
I 282 422 cot?
R B Rl (5.154)

As is seen from these formulae, both the electric and magnetic eld
strengths are expressed here through only the geometric chacteristics
of the internal space of the pulsar.
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Also, in the same way, the charge density (5.136) and the current
vector j 2 (5.137) of the vortical electromagnetic eld from Maxwell's
equations are expressed as:

r__ r__
1 n T 1 n l2acos _
-~ G ! 4] cP@ 2
r
1 n !Zacos
= - = pP; 5.155
G Pz ( )
r__ r__
s_ © n la3 cot+3c2! no_
"= 72 G @ r9%2sn 222 G
3 W
_ i3 :
= — 5.156
22 G ( )

Respectively, the density ., (5.140) and the ow of momentum
J3, (5.141) of the vortical electromagnetic eld | the characteristics
that come from Einstein's equations | are expressed as:

n 1 ; ;
™36 ahf "
2 cin? 2
LN 42 4 risSin S! cos  _
2G a2 a2 r2

B n ) r2 sin® al2cos
= ot 5o 121 Y Pe—s (5.157)

nc? 2la®  cot nc?!
3, = _ 1 =38 ———:(5.158
M 2 Ga? (a? r?)32sin em 2 Ga? ( )

We see that all the characteristics of the vortical magnetic eld are
uniquely expressed through only the geometric characteristics othe
space inside the pulsar. Therefore, the vortical electromagneticeld of
a rotating neutron star (a pulsar) is hereby geometrized.

This fact also means that the system of Einstein's equations and
Maxwell's equations in the internal space of a pulsar is a self-consisté
system of equations. This self-consistent system of Einstein-Maxell
equations completely describes both gravitational and electromauggetic
phenomena inside the pulsar.

However, if the electromagnetic eld of a rotating neutron star is
vortex-free, Einstein's equations and Maxwell's equations do not cm-
prise a self-consistent system. The electromagnetic eld is not genetr-
ized inside the star as such. As was shown i85.7, such a neutron star
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cannot emit electromagnetic radiation from its polar regions. Therdore,
it cannot be a pulsar.

85.9 Boundaries of the physical space a pulsar

Consider an observer whose reference frame is connected to timernal
space of a star. Where, from his point of view, does the observable
physical space of the star end? At which distance from the star?

These questions are answered in the framework of the theory of
physically observable (chronometrically invariant) quantities in General
Relativity. In terms of physical observables, the real physical spce that
is allowed to be registered by an observer \ends" at that distancefom
him where the physical observable time stops:d =0. The physical
observable time is calculated according to the metric of the observer's
space. Therefore, the real physical boundaries of the obsems ob-
servable space are determined by the stopped time conditiomd =0
according to the space metric.

Let us calculate the boundary of the observable space of a pulsar.
This is the distance from the center of the pulsar at which, accordingy
to the space metric of the pulsar (an observer whose referenceame is
connected with the pulsar), the observable time stopsd =0).

As follows from the chronometrically invariant formalism, the ob-
servable time interval is formulated as (1.30)

d = Poodt+ 2 dx = Pgodt —vidx: (5.159)
¢ Qoo c?

It consists of two terms. The rst term is due to the gravitational eld
potential w= ¢ 1 " Goo (1.44). The second term is due to the fact
that the space rotates, and is dependent on the linear velocity of e
rotation v; = C% (1.45).

Therefore, the conditiond =0 by which the observable time stops
in the space of a gravitating and rotating body is expressed as

P 5o dt = Cizvi dx': (5.160)

The space (space-time) metric of a rotating neutron star has the
form (5.3). See&5.1 for details. In the metric,

1 r2
Qoo = 2 2 (5.161)
2lar 2
vVi=Vo=0; V3 = —p& : (5.162)

az r2
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In this case, the stopped time condition (5.160) takes the form

1 dx3 2
Yoo = &z V3 at ; (5.163)
where % = f'j—t =1 . Substituting the formulae for gop (5.161) and vs

(5.162) into the stopped time condition (5.163), we obtain the formua
for the distancer at which the observable time stops

r= g—H09 . (5.164)

4a?! 2 cos
1+ 42%tZcos

This formula, (5.164), shows the boundary at which the physical
space of the rotating neutron star ends. As is seen from this formla, the
boundary r is the same as the neutron star's radiusa at the South Pole
and North Pole: the geographical latitude is = 5 therein, so cos =0
and thus r = a according to (5.164). Then the boundaryr decreases

near the equator where it takes the ultimately low numerical value
a
I'min = q: (5165)
1+ 432! 2
c2

which depends only on the neutron star's radiusa and the angular
velocity of its rotation ! .

The more rapid the neutron star rotates, the more oblate the phys-
ical space of the star at its equator becomes. According to our fonula
(5.165), the oblateness manifests itself only at relativistic speedsfao-
tation, i.e. in pulsars.

Consider PSR J1748-2446ad, that is the fastest-known pulsar dis
covered in 2004 [30]. It rotates at a period of 0.00139595482(6) se
which means the angular velocity! = 2? =4;501 sec?. Its radius a is
estimated to be less than 16 km. Proceeding from these observatial
data, we can calculate the oblateness of the physical space of theilsar
at its equator:

fmn _ g1 go0 (5.166)

a 432! 2
1+ 422

85.10 Conclusion

So, the complete mathematical theory of the liquid neutron stars ad
pulsars is presented here, in this Chapter. We now repeat the mosm-
portant conclusions we made on the basis of the theory. They are:
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. As follows from our mathematical theory, the electromagnetic eld

of a rotating neutron star (a pulsar) is due to its rotation and grav -
itation. The faster the star rotates, the stronger is the magnefc
strength H ' of the eld;

. The magnetic eld strength H ' of the pulsar is directed strict

along the polar axis of its rotation. Electromagnetic radiation is
emitted only from the poles of the star, then comes into the outer
cosmos strictly along the axis of the rotation of the star;

. The electric strength E; depends on the spatial distribution of

the scalar potential and on the temporal variation of the vecto-
rial potential of the electromagnetic eld. The magnetic strength
H ' depends on the curl of the vector potential the eld, and on
the angular velocity of the star. Thus the temporal and spatial
variations of the electromagnetic eld potentials should a ect the
outcoming electromagnetic impulses emitted by the pulsar;

. The Poynting vector (the electromagnetic eld momentum) is non-

zero at the South Pole and North Pole of a rotating neutron star
only if its electromagnetic eld is vortical. Therefore, a rotating
neutron star is a pulsar, thus emitting electromagnetic radiation
from the polar regions, only if possesses a vortical electromagriet
eld. Also, the presence of the eld curls means that the magnetic
axis does not coincide with the axis of the star's rotation. A rotat-
ing neutron star whose electromagnetic eld is vortex-free cannb
emit electromagnetic radiation along its polar axis, so it cannot
be a pulsar.

All the conclusions are valid only for a rotating star whose physical
radius is close to its Hilbert radius. These are rotating neutron stas
and pulsars, not the regular stars such as the Sun etc.




Chapter 6

Black Holes

86.1 Non-rotating liquid collapsars. The main characterist ics

Now, we are going to study the collapse condition of a non-rotating
sphere of perfect liquid (that is, a collapsed rotation-free star),in terms

of our new model of liquid stars. At rst sight, this problem stateme nt
sounds like non-sense: perfect liquid is incompressible, hence such a
liquid body cannot be compressed. Yes, it would be non-sense, if one
would consider collapse as the process of compression of a liquid cos-
mic body. We do not do it that way: in contrast, we do not discuss
cosmogony. We merely consider a collapsar as an already existing ob-
ject. This amounts to the occurrence of the physical conditionsnot the
evolutionary compression of a liquid cosmic body.

Hence, a cosmic body is a collapsar if the parameters of its eld on
its physical surface correspond to the condition of gravitationalcollapse.
Namely, | the eld of gravity is so strong on the surface of the body that
light signals cannot leave the body for the outer cosmos. In termsfahe
General Theory of Relativity, this means that the physically obsenable
time stops on the surface.

According to the theory of physically observable quantities (chroro-
metrically invariant formalism), the physically observable time interval
d (1.30)is formulated in terms of the gravitational potential w and th e
linear velocity of space rotationv; as follows:

d =Paodir - _ax =
C" doo
=1 z"—z dt C—lz v dxi: 6.1)
Thus the general condition of gravitational collapse has the form
d = Pgogdt+ E%dXiZOZ (6.2)

In a rotation-free space (whereinv; =0), the general condition of grav-
itational collapse is as simple as

d =Pgodt=0 (6.3)
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or merely
2

Qo= 1 g =0: (6.4)

Thus, a cosmic object of rotation-free space is a collapsar, if thehree-
dimensional gravitational potential w on its surface takes the valle
w= ¢ (6.5)

Consider the collapse condition in the case of a non-rotating star
consisting of perfect liquid. As is seen from the space metric of suca
liquid star, which is (2.76)

r r I > P
1 ol
= 1 c?dt?
4 3 3
dr?

{ or?
1Ly

ds® =

r2 d2+sin?d 2 ; (6.6)

or, in terms of the Hilbert radius rqy (2.78),

r r— _  *»

r r2r
31 2 1 2 ddt?
a a

dr?

r2rg
1 —

1
dsz—z

r2 d2+sin?2d 2 ; (6.7)

the collapse condition @oo=0) in this case has the form

r r
{ o0& { or?
31 1 =0; 6.8
2 o= =0; (6.8)
or, similarly, r r
3 1 [ s _g. 6.9
= 0 (69)

Thus, we obtain the radial coordinater, by which a non-rotating liquid
star whose radius isa meets the state of gravitational collapse:
s

8 3
fe=  9a? ri : (6.10)
g

Since we keep in mind real cosmic objects, the numerical value of;
should be real (as well asa and rg). This requirement is satis ed by
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the following obvious condition:
a6 1:125ry: (6.11)

If this condition holds not (a> 1:125rg), the non-rotating liquid body
(star) cannot be in the state of gravitational collapse.

The general collapse condition (6.11) includes the particular con-
diton a=rg. Given this particular case of a collapsed non-rotating
liquid star, we see that the physical radiusa of the star's surface, the
Hilbeyt radius rg of the star, and the radius of the outer space breaking
o = a3=rq of the star's eld coincide:

fe=rp = Ig=a: (6.12)

The said collapse condition,a= rq, is only a particular case of the gen-
eral collapse condition (6.11). The general collapse condition (6.11)
includes three particular cases, concerning the location of the ptsical
surface of the collapsed liquid star:

1) The collapsed liquid star is larger than the Hilbert radius calcu-
lated for the star (a>r g) but less than 1:125ry;

2) The surface of the collapsed liquid star coincides with its Hilbert
radius (&= rg);
3) The collapsed liquid star is completely located within its Hilbert
radius (a<r g).
It is obvious that r¢ is imaginary forry &, so the state of gravitational
collapse is impossible for such a star. For example, considering the Bu
(a=7 10°cm,M =2 10*gram,ry=3 10°cm), we see thatr. (6.10)
takes an imaginary numerical value. The same is as well true for othre
regular stars, ranging from super-giants to white dwarfs. Henceregular
stars cannot collapse
In fact, the particular collapse condition re= ry, = rg= a (6.12) for-
mulates the collapse radiusr. as follows
s
3 _ 40 108
{ o "o
For example, if a collapsed liquid sphere should consist of regular wate
( 0=1:0 gram/cm?), its radius would be r,=4:0 103 cm=3:1AU, i.e.
be located within the asteroid strip (the asteroids are located, appoxi-
mately, from 2.1 AU to 4.3 AU from the Sun).

re=a= (6.13)

= % =18:6 10 28 cm/gram is Einstein's constant of gravitation.
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One more example: to be a collapsar whose size is that of neutron
stars and pulsars (their radius isa=(8{16) 10° cm=8{16 km), a liquid
body should have ¢=2:5 10'*{6:3 10 gram/cm?, according to the
obtained formula for r¢ (6.13).

Hence forth, we can calculate the mass of a non-rotating Bquid col-
lapsar, proceeding from the formulaeM = 3 a Soanda=rc= 35 o
(6.13). We obtain the following dependencies:

4 a

M = e =6:8 10" a gram; (6.14)
p_
4 3 2:7 101

M = {3:2p_0= p_o gram: (6.15)

For example, once a collapsed liquid sphere should have the size of
neutron stars and pulsars,a=(8{16) 10° cm=8{16 km, its mass would
be M =(5:4{11) 10* gram (i.e. 2.7{5.5 masses of the Sun).

86.2 The Universe as a huge liquid collapsar

Here is another example: the Universe itself. Astronomers estimatthe
average density of substance in the Universe to be in the range 00128
to 10 3! gram/cm3. Also, according to the observational estimates of
the Hubble constantH = == (2:3 0:3) 10 8 sec !, the radius of the
Universe isa=1:3 10°® cm. At the upper boundary of the estimated
density (=10 28 gram/cm?3, the collapse radiusr. (6.10) meets the
eld of real numerical values. Respectively, we obtain, according ¢
observational estimates,

1:3 1028 cm

Q
1

o = 10 28 gram/cm?®
9:2 10°® gram
rg = 1:4 108 cm

ryr = 1:3 1028 cm

re = 1:5 10% cm

I NN ©

<
I

(6.16)

= VR

This is a reason to suggest that the Universe can be considered as a
sphere of perfect liquid, which is in the state of gravitational collap®.
We will refer to it as the liquid model of the Universe In this case,
we should haver.= ry = rg= a (6.12). Proceeding from this condition
and the numerical value of the radius of the Universea=1:3 10?8 cm,
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M, gram o, g/cm® acm  rg,Ccm  r,,cm  rfe cm

Astron.
esteems @2 10°° 10 2 1:3 10%° 1.4 10°® 1.3 10%® 15 1%

Liquid
model 88 10° 96 10 3 1:3 10® 1:3 10°® 1.3 10°® 1.3 10%®

Table 5.1: The model of the observable Universe as a non-rotding liquid
sphere in the state of gravitational collapse. The calculat ed parameters of
the liquid model are compared to the observational esteems.

obtained from the Hubble constant, we calculate the mass and deiity
which should be attributed to the Universe in the framework of the
present liquid model (according toa= rg= 28 and M = § a3 o). We
obtain

a =1:3 10® cm 2
o = 9:6 10 3! gram/cm?® %
M = 8:8 10°° gram -
g : (6.17)
rg = 1:3 108 cm
ror = 1:3 1078 cm

re =1:3 10?28 cm '
The obtained numerical values (6.17) are compared to the estimate
of observational astronomy (6.16) in Table 5.1. Since these obseav
tional estimates are known very approximately, we can conclude tht
the observable Universe is a huge collapsar, so all the world we obser,
including us, is located within a huge black hole.

In particular, this conclusion meets another made in 1965 by Kyril
Stanyukovich [31]. He neither studied the geometric properties of a
liquid sphere nor introduced a particular space metric. His analysis
was based on the properties of elementary particles. Following this
way, Stanyukovich obtained that the Hilbert radius of the Universe is
the same as the observed event horizon: the observable Universe a
collapsar. Thus, despite employing another theoretical basis tharour
own, he arrived at the same conclusion.

86.3 Pressure and density inside liquid collapsars

Pressure and density inside non-rotating liquid collapsars. .. The rgular
formula (2.130) we have obtained for the pressure inside a sphere of
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perfect liquid,

p= o4 a ; (6.18)

under the collapse conditiona= P 3= o takes the simplest form
p= o€ = const; (6.19)

where = const by de nition inside a sphere lled with perfect liquid.
This formula is the equation of stateof the liquid. This state is known as
in ation : at positive density of the substance the pressure is negative,
so the inner pressure of the substance tries to expand the bodydm
within (despite a liquid body is incompressible).

As is seen, the pressure is constant as well as the density. This mesa
that the liquid substance, which llIs a liquid collapsar, is in the state of
in ation, and has the same pressure and density throughout the atire
volume of the collapsar, from its center to the surface.

86.4 The inner forces of gravitation. The inner redshift

The formula for the force of gravitation acting inside a non-rotating lig-
uid collapsar can be found from the formula for the force acting insieé
a non-rotating liquid sphere, once the sphere is in the stete of grata-
tional collapse (in this case, its physical radius isa=rqg=" 3= o).

Following this way, on the basis of the obtained formulae of the
covariant componentF; (2.123, 2.125) and the contravariant component
F1 (2.124, 2.126) of the gravitational force, we obtain

={oczr 1 =02r 1

R R ST (620
3 a2

1_ { ocr _ ﬂ

Fl= e = (6.21)

Sincer <a inside the sphere,F1> 0. Therefore, this is a force of repul-
sion. The force increases with distance, from zero at the center of the
liquid collapsar to its ultimate-high value on the surface.

If the observable Universe is really a huge liquid collapsar (at least
astronomical data evidence it, as was shown above), the repulsivadial
force acting inside the collapsar may cause a frequency shift in trasling
photons. To investigate this problem we consider the chr.inv.-equabns
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of isotropic geodesics [18,19]

a0 . 9
d_ C_ZFiC"'?DikCle—O §
_ . (6.22)
dlc’ . ik o iag i kg 3
g +2! Dy+A; ¢ IF'+1 [, c"c=0

which are the equations of observable motion of a light-like (massle}s
particle which travels with the observable velocity of light ¢ (a photon
whose frequency id ). The equations of isotropic geodesics result as the
observable projections of the well-known generally covariant equ#ons
of isotropic geodesics (see [18,19] for details).

In a rotation-free and non-deforming space A =0, Dy =0), such
as the space of a non-rotating liquid collapsar, the equations (6.22pke

the form 9
da ! i _ 2
4 C_zFiC =0 2
d e 3 : (6.23)

. e
I =

d

Let a photon travel only along the radial direction x'= r. Consider
the chr.inv.-scalar geodesic equation (equation of energy) of thelmton
with the obtained formula for F; (6.20) substituted. We also take into
account that the photon's observable velocity is the observable vecity
of light along the radial direction, c¢t= g—’ We obtain

1d r dr
rd " @ rZd’ (6.24)
This equation solves asdin! = ZdInja® r?j, or
1
din! = din p—: (6.25)
az r?
Herefrom we obtain the function
' (r)= in; Q = const: (6.26)
a2 r2

The integration constant Q is found from the obvious boundary condi-
tion ! (r=0)= !,. Itis Q= a?! (. Finally, we arrive at the solution

| = g—2 (6.27)
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At distances (of the photon's travel) small to the physical radius of the
collapsar r @), this formula becomes
r2

lo 1+ = 6.28
0 1+ o (6.28)

This causes asquare redshift(we also refer to it as aparabolic redshift,
due to the parabolic square function)

o 1

1>0 (6.29)

2
0 1 ;_2
in the photon's spectrum: the force of repulsionFi, acting along the
radial coordinate from the observer (in the observer's referene frame),
deccelerates photons travelling from a distant object to him. At small
distances, of the photon's travel ¢ a), the redshift is

r2
z' —; 6.30

a2 (6.30)

or, formulating this result through the Hubble constant H = g

H2r2
2c2

Thus, the observable parameters of the Universe manifest that itis
a huge collapsar. These data match the calculations according to &
theory of non-rotating liquid collapsars presented here.

(6.31)

86.5 The state of the collapsed liquid substance

We now discuss the state of the substance that Ils non-rotating liquid
collapsars. As easy to see, once a liquid star is in the state of gravi-
tational collapse (ry = a), the space metric of the star (6.7) takes the
form

2 2
by Do O e
4 a2 1 rz

a2

ds? =

d2+sin®d 2 : (6.32)

This metric, under the particular condition a?= 2> 0 (thus > 0), has
the same form as de Sitter's metric (1.5),

dr?
2 r2

:
1 5

2
= 1 % 2dt? d2+sin2d 2; (6.33)
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which describes a spherical distribution of physical vacuum (the - eld
in Einstein's eld equations).

This means that liquid collapsars consist of perfect liquid whose state
is similar to the state of physical vacuum. The only di erence is that
the liquid that lls the collapsars possesses positive density, while the
density of physical vacuum is negative with > 0 (see85.2 and 85.3 of
our book [18] for details). Also, regular liquid collapsars have a small
size and high density (in contrast to the Universe as a whole). Therfore,
the liquid that lIs the regular (compact) collapsars is in a state similar
to the state of high-density physical vacuum.

What is physical vacuum, known also as the - eld? It is due to the
general formulation of Einstein's eld equations

R %g R= {T +g¢g (6.34)

containing the -term on the right-hand side. The right-hand side de-
termines distributed matter which lls the space, while the left-hand
side determines the space geometry which is Riemannian according to
the formulation. Re-write the eld equations in the form

1
R 59 R= {F ; (6.35)
where the common energy-momentum tenso® =T + T charac-

terizes both distributed substance and physical vacuum (- eld).
The energy-momentum tensor of physical vacuum

T = T g (6.36)
has the following physically observable projections
= Too = —=const<0; (6.37)
Yoo {

_ i
3= gl g, (6.38)

Goo
Uk =T = 3 ccht = c?hk: (6.39)

which are calculated as well as the observable projections (1.84) afny
energy-momentum tensor.

The scalar chr.inv.-projection = ~ = const implies that physical
vacuum is homogeneously distributed in the space, i.e. is Bomogeneous
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medium. The vectorial chr.inv.-projection J' =0 manifests that the
physical vacuum is free of energy ow, i.e. is anon-emitting medium.

Let us then nd the equation of state of physical vacuum. Accordng
to the chronometrically invariant formalism [18, 23], the chr.inv.-stress
tensorU* is expressed through the pressure inside a distributed medium
as follows:

Ui = pohik k = Phk ik ; (6.40)
wherepy is the equilibrium pressure known due to the equation of state,
pis the true pressure inside the medium, j is the chr.inv.-viscous stress
tensor, ik = i % h i is its anisotropic part which reveals itself in
anisotropic deformations, while = hk ; is the trace of the viscous
stress-tensor . Since a spherically symmetric space is isotropic by
de nition, we have i =0 in the present case. Also, by the initial as-
sumption, the medium is non-viscous ( i =0). Therefore, for physical
vacuum, we have

Uk = phik = Czhik : (6.41)

Respectively, with the formula of the trace of the observable stres-
tensor U = hk Uy, we obtain the equation of state of physical vacuum

p= c? (6.42)

which, with negative density = <0, manifests the state of de ation
(the inner pressure of the medium tries to compress the sphere).

Hence forth, we deduce the covariant and contravariant compoants
of the force of gravitation acting inside a vacuum (de Sitter) collapsr.
Following the same way of deduction as that for the force acting insie
a liquid collapsar (6.20, 6.21), we obtain

_c’r 1 N
Fj_ - T 1 r 2 F - T y (643)
3
while for the frequency shift of a photon we obtain
| 2
l=g—x' 1o 1+ 4 (6.44)
r 2
1 =
! ! 1 2
7= 0= g 1" 50 (6.45)
! 0 1 r2 6

To understand the results, let us recall that we were able to trans
form the space metric of a collapsed liquid sphere (6.32) to de Sitter's
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space metric (6.33) only by the particular condition a?= 2> 0. Hence,
we have assumed> 0. With > 0 we have obtained a negative density
of physical vacuum = <0 (6.37), the state of ination p= c¢?
(6.42), the repulsing forceF;, > 0 (6.43), and the redshift (6.45).

These are the same results as those obtained for a liquid collapsar,
except for the negative density = ~< 0 (and, hence, the positive
pressurep=  ¢?> 0 which gives the state of de ation).

If we should assume a negative value of the (i.e. < 0), in order
to obtain a positive density of physical vacuum, the collapsar's radis
a would be imaginary, which is non-sense for the observed Universe.

However, there is another way to remove this di culty with respect
to the theory. Consider Einstein's eld equations (6.34) in a modi ed
form wherein both the energy-momentum tensor of distributed sup-
stance and the -term are taken with the same sign, i.e.

1
R > g R= (T g (6.46)
In this case, the energy-momentum tensor of physical vacuum is

T =—-9g ; (6.47)

- Too_ __ const > 0; (6.48)
Yoo {
‘ i
Ji=gT —g. (6.49)
Joo
Uk = @TH = dhk = ot (6.50)

Given this case, physical vacuum (the - eld) is as well in the state
of ination ( p=  ¢?), however its density is positive = > 0. Thus,
the modi ed form (6.46) of Einstein's eld equations removes the afae-
mentioned contradiction between the theory of liquid collapsars andhe
observed positive density of substance in the Universe.

Hence, physical vacuum (the - eld) is a homogeneous, non-viscous,
non-emitting medium in the state of in ation.

Concerning the deduced redshift formula (6.45), it depends only on
the formulation of the force of repulsion which is deduced fromggy of
de Sitter's metric (6.33). Since we did not change the space metric he
redshift formula (6.45) remains unchanged as well.
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86.6 Time ows in the opposite direction inside collapsars

In a rotation-free space such as the space of a non-rotating liquigtar,
the observable time intervald (1.30) has a simpli ed formulation which

isd =" goodt. Therefore,d in the eld of a non-rotating liquid star,
according to goo of the metric (6.6), has the form
r r !
_ 1 { 0@ { orz .
d = 5 31 3 1 3 dt: (6.51)

Under the particular condition a=rg= P 3={ o characterizing the star
in the state of gravitational collapse, this formula transforms to
r—
d = } 1 { or?
2 3
We see that the sign of the observable time intervald in a liquid
star whose state is regular (out of collapse) is opposite to that in tle
star being a collapsar. In other words, the observable time in the dd
of regular stars ows in the opposite direction than the observabletime
inside a collapsar. Just one illustration: we regularly assume that ob-
servable time ows from the past to the future. If so, the obsenable
time inside collapsars ows from the future to the past.

dt: (6.52)

86.7 The boundary conditions of a liquid collapsar

With the condition a=ry= 3={ o characterizing liquid collapsars,
the non-zero components of the Riemann-Christo el curvaturetensor
R (2.113{2.116) obtained in §2.3 take the form

1
Roto1 = {1—20 = 4z = const; (6.53)
B {0 r2 _r2 1
Ri2i2 = Ci212 = 3 L Lot = L (6.54)
3 aZ
_ _{ o r%sin® _ r? sin®
Rigiz = Ciziz = 3 L Lot = L (6.55)
3 aZ
Rems= Cos= L0rdsi? = 1o si - 6.56
2323 = 2323 = T~ r*sin© = = sin® (6.56)

SinceRg1o1 = {1—2" = const and Ro101 > 0 at the positive density o> 0 of

the liquid, the \inner" space of a liquid collapsar is a four-dimensional



§6.8 Rotating liquid collapsars 159

positive constant curvature space This is in contrast to our result of
§2.3 where we showed that the space of a liquid sphere hasvariable
four-curvature which is negative This means that:

" The state of gravitational collapse is a \bridge" connecting the
world of varying four-dimensional negative curvature (world of
regular stars) and the world of four-dimensional positive constan
curvature (inside those stars in the state of gravitational collap®).

Concerning the three-dimensional observable curvature of thepmace
inside non-rotating liquid collapsars, we calculate Cy; (2.104), Cy,
(2.105), and thﬁ observable curvature scalaC = hk Cy under the con-
diton a=rg= 3= o characterizing liquid collapsars. We obtain

2 o 1 2 1
Cu = —— = —; (6.57)
3 1 { 30r2 a2 1 ;_2
Cas 2{ or? 2r2
Co = = = — 6.58
27 Sin 3 a2 (6.58)
6
C= 2 o= = = const< 0O: (6.59)

It is a three-dimensional negative constant curvature spacas well as
the space of regular liquid stars (as a matter of fact that regular tars
are out of the state of collapse).

Hence forth, we express the force of gravitation acting in the \inrer"
space of a non-rotating liquid collapsar through the three-dimensioal
observable curvature of the \inner" space. From the respectivdormulae
for F1 (6.20) and F* (6.21), we obtain

Fi= % Ci1; Fl= ;;Z_r
we see that both the three-dimensional observable curvature am the
force of gravitation possess space breaking:

Co: (660)

Cu!l Fp=11 (6.61)
by the boundary condition r = a on the surface of the collapsar. This
result is, however, trivial.

86.8 Rotating liquid collapsars

We now reveal rotating liquid collapsars. Let us rotate the space miic
of a liquid collapsar (6.32) with an angular velocity ! around the line
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orthogonal to the equatorial plane. Among the goi-th components of
g , the non-zero componentgys characterizes the rotation of space
(while go1= go2=0). It formulates as

2Ir 2cos

Go3 = e ; (6.62)

so the linear velocity of space rotationv; (1.45) is

_ 2!r 2cos

V3 = ; vi=Vo=0: (6.63)

1 -

az

As a result, we obtain the space metric of a rotating liquid collapsar

2 2
a=1 1 U 2ge O
4 a2 1 =

a2

Iy 2
2 7C0S gid 12 d2+sin?d % : (6.64)

It is possible to prove that this space metric satis es Einstein's eld
equations containing the energy-momentum tensor for perfect ligid
(2.4). This means that, once we substitute the particular componats
of g taken from the metric (6.64) into the eld equations, the left-
hand side and right-hand side of the equations are the same: the ld
equations become identities and are thus satis ed.

The general condition of gravitational collapse means that physich
observable time stops | =0). The de nition of d (1.30),

_ i i _ 1 i
d = P Qoo dt + ﬁg("j dx' = P Goodt Vi dx'; (6.65)
C Joo C
takes both gog and gg into account. Therefore, with v; 6 0, the collapse

conditionis not d =" goo dt =0 as that for non-rotating collapsars, but
takes, in the present case under consideration, the complete for

1
P oo = vau=0; (6.66)
where ud= ‘é—t =1 . Substituting goo from the metric (6.64), vz (6.63),
and u®=1, we obtain the radius of the collapse surface of a rotating
liquid collapsar a

41 232 cos
1+ 225
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hence | 2.2

re' al Z.a% = a a: (6.68)
Assuming! =102 sec ! and a=10% cm for example, we obtain a'
22cos,i.e. a' 22 meters at the equator of the star, and a =0 at
the South Pole and North Pole.

We see that the collapse surface matches the sphere's radiasonly
at the poles of the rotation (where the latitude is -+, so we have
cos =0). In other words, rotating liquid collapsars are not spheres but
have anelliptic form, which is attened on the equatorial plane (which
is orthogonal to the axis of rotation).

Once the collapsar does not rotate { =0), its form is spherically
symmetric (ro= a). Contrarily, at an ultimate relativistic speed of the
rotation, the collapsar's elliptic form is highly attened on the equato rial
plane. In the ultimate case, where the collapsar rotates at a speedery
close to the speed of light [ 2a?! ¢?), its form is set up by the equation

a
rC_

= P 6.69
1+4cos ( )

The other parameters of rotating liquid collapsars we have obtained
in the framework of the theory do not change the principal resultsob-
tained in 85.1 for non-rotating liquid collapsars. The only di erence is
that correction for the angular velocity of the collapsar's rotation ! . We
therefore omit these results from consideration.

§6.9 Conclusion

Finally, let us recall all the theoretical results of liquid collapsars that
have been obtained above:

1. The radial coordinate r; (6.10) by which a non-rotating liquid

sphere of radiusa meets gravitational collapse, is
s
8ad
re= 9a2 —:

Iy
For regular stars, r. is in the range of imaginary numerical values.
Therefore, regular stars ranging from super-giants to dwarfs ad
white dwarfs cannot collapse;

2. By the requirement that the collapse radiusr. should be real for
real objects, the physical radiusa of a collapsar should be

a6 1:125rg:
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If its radius is a> 1:125rg, the non-rotating liquid body (star)
cannot be in the state of gravitational collapse.

The density of substance is the primary characteristic of non-
rotating liquid collapsars. The physical radiusa of such a collapsar

is reciprocal to the square root of its density ¢ (6.13)
s

3 4:0 1013
— = —p—— cm;
{ o 0
The massM of a non-rotating liquid collapsar is proportional to
its physical radius a (6.14)

4
M = {—a=6:8 10°"a gram;

a=

and is reciprocal to the square root of its density ¢ (6.15)

"3 _ 27 10"

M = —5— = —
{3_2P 0 v

gram;

. The observable Universe is completely located inside its collapse

radius. In other words, it is a gravitational collapsar: all the stars
and galaxies, including us, exist within a huge black hole. Its
parameters, calculated according to the liquid model, are

1:3 10%8 cm;
0= 9:6 10 3 gram/cm?;

M = 8:8 10°° gram;

a

. The liquid which llIs the collapsars is in the state of in ation

p= ¢ = const;

i.e. at the positive density of the substance the pressure is nega-
tive, so the inner pressure tries to expand the body from within
(while the collapsar does not expand, because a liquid body is in-
compressible). The pressure and density remain unchanged from
the center of the collapsar to its surface;

. The gravitational inertial force acting inside a non-rotating liquid

collapsar is a force of repulsion. It increases with distance, from
zero at the center of the collapsar to its ultimate-high value on
the surface;
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. The inner force of repulsion produces a square (parabolic) retigft

in the photons travelling within the collapsar, to its center;

. The state of the liquid lling regular (compact) collapsars is sim-

ilar to the state of high-density physical vacuum (high-density -
eld), which is a homogeneous, non-viscous, non-emitting medium
in the state of in ation;

The observable time ows in dierent directions inside and out-
side collapsars: once we assume that the observable time of our
world ows from the past to the future, the observable time inside
collapsars ows from the future to the past;

The state of gravitational collapse is a \bridge" connecting the
world of varying four-dimensional negative curvature (world of
regular stars) and the world of four-dimensional positive constan
curvature inside gravitational collapsars (black holes);

Rotating liquid collapsars are not spheres but possess aglliptic
form which is attened on the equatorial plane. The radius r
of a rotating liquid collapsar is formulated through the sphere's
radius a, the latitude , and the angular velocity of the respective
rotation ! as
a
re= g——:
41 2g2

1+ iZCOS




Notations

Ordinary di erential of a vector:

_ @A

Absolute di erential of a contravariant vector:

DA =r A dx =dA +

Absolute di erential of a covariant vector:

DA =r A dx =dA

Absolute derivative of a contravariant vector:

DA A
A =R % +
Absolute derivative of a covariant vector:
r A = DA _Q@A
dx @x

Absolute derivative of a 2nd rank contravariant tensor:

@F
= +
rF 9 F

dx

A

A

F

Absolute derivative of a 2nd rank covariant tensor:

_ @F

= “ax

Absolute divergence of a vector:

= @ +
@x

Chr.inv.-divergence of a chr.inv.-vector:

F F

r

rid =

Physical chr.inv.-divergence:

@y, ; @’h_ @y
—+q _ = =14
@x @x @X

F

qi

A dx :

A dx :

i
ji -
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D'Alembert's general covariant operator:
=g rr

Laplace's ordinary operator:

ik

= g rirg:

Chr.inv.-Laplace operator:
= h* r; ry:

Chr.inv.-derivative with respect to the time coordinate and that with
respect to the spatial coordinates:

@ 1 @, @_ @, 1 @
et Pmet  @x ex 2ot
The square of the physically observable velocity:
vZ=viVv = hy vivk:
The linear velocity of the space rotation:
Qoi i

it P VT e o i = hic v

The square ofv;. This is the proof: because of g =g , then under
= =Owehavegy g °= J=1, hencev?= wVvk=c?(1 gog®),i.e.

vZ = hy vivk:
The determinants of the metric tensorsg andh are connected as:
p— P_P—
g= h goo:

Derivative with respect to the physically observable time:

d @ @
d @' @

The 1st derivative with respect to the space-time interval:
d 1 d

—:—Qi—.
ds . 4 \é—id



166 Notations

The 2nd derivative with respect to the space-time interval:

#__1 &, 1 D VIVK +v | — +
d? @ vZd 2 (@ 22 " 'd T 2@x
The chr.inv.-metric tensor:

1 _
hik = Ok + 5 ViVici hk = gk; nhk= k:

Zelmanov's relations between the Christo el regular symbols and tte
chr.inv.-characteristics of the space of reference:

i
DAL= pe b B
Joo Joo
gi gk m :hiqhks 215; Fk: ¢ 50
Joo

Zelmanov's 1st identity and 2nd identity:

@ ,1 @F @F _
@t ’

1

2 @%x @%
@ Am @ Ani @A 1 _ _ o _Q-
@X + @k + @R‘ + E I:lAkm + l:kAml + l:mAlk =0:

Derivative from v? with respect to the physically observable time:

di v2 = di hik VIVE = 2Dy vivE + —gmm VIVka+2Vk(ij:
The completely antisymmetric chr.inv.-tensor:
) o g0ikm Eq p—
s = P g Ok = P "ikm = -ﬁ—og% = egkm h:
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Inside Stars

A Theory of the Internal Constitution of Stars, and the Sources of Stellar
Energy According to General Relativity

by Larissa Borissova and Dmitri Rabounski

This book announces a mathematical theory of the internal castitution of stars,
and the sources of stellar energy according to the General Téory of Relativity.
This is an alternative to the conventional theory of gaseoustars which was intro-
duced in the 1920's on the basis of classical mechanics andetimodynamics. In
contrast, the common consideration of a star and its eld acording to the General
Theory of Relativity, that presented in this book, comes totie model of liquid stars.
Such a star is homogeneous inside, with a tiny core (about aviekilometres in the
radius) in the centre. The core is selected from the main massf the star by the
collapse surface with the radius according to the star's mas Despite almost all
mass of the star is located outside the core (the core is not ddek hole), the force
of gravity approaches to in nity on the surface of the core dwe to the inner space
breaking of the star's eld therein. The super-strong force of gravity is su cient for
the transfer of the necessary kinetic energy to the lightwegiht atomic nuclei of the
stellar substance, so that the process of thermonuclear fis begins. The energy
produced by the thermonuclear fusion is that energy which tte stars shine: the tiny
core of each star is its luminous “inner sun”, while the prodwced stellar energy is
then transferred to the physical surface of the star due to tle thermal conductiv-
ity. A new classi cation of stars is introduced according tothe space breaking of
their elds: the regular stars (in the range from the dwarfs to the super-giants),
Wolf-Rayet stars, neutron stars (and pulsars), and black htes are considered. The
introduced liquid model matches with the new observationakvidences for the state
of condensed matter inside stars; in particular, that the Su consists of the high
temperature liquid metallic hydrogen.
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