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We investigated the evaluation of nuclear shape transition from spherical to axially rotational shapes using the Coherent state formalism of the first version of interacting boson
model (sd IBM). The validity of such model is examined for rare-earth Nd/Sm/Gd/Dy
isotopic chains by analyzing the potential energy surface (PES’s). In this region, a
change from spherical to well-deformed nuclei is observed when moving from the
lighter to heavier isotopes.

1 Introduction
In recent years, the study of quantum phase transition (QPT)
is an important topic in the research of nuclear structure.
Some evidence of nuclear shape transition have been
observed. For instance, several isotopes have been found to
undergo shape phase evolution of first order from spherical
vibrator to deformed axially symmetric rotor and phase transition of second order from spherical vibrator to deformed γ−
soft [1–3].
The Hamiltonian describing this transition is a repulsive
boson pairing Hamiltonian that has the particularity of being exactly solvable allowing the study of very large systems.
The study of phase shape transitions in nuclei can be best
done in the interacting boson model (IBM) [4] which reproduces well the data in all transition regions [5–11].
The possible phases that can occur in the IBM have been
classified in a triangular Casten diagram [12], the three phases
correspond to the breaking of U(6) into its three subalgebras
U(5), SU(3) and O(6) [13]. The X(5) critical point symmetry [14] was developed to describe analytically the structure
of nuclei at the critical point of the transition from vibrational
U(5) to prolate axially symmetric SU(3) shapes. In addition
the symmetry E(5) [15, 16] have been introduced to describe
the nuclei at the critical point corresponding to second order transition, nuclear examples of which were used [17].
Recently, the critical point in the phase transition from axially deformed to triaxial nuclei called Y(5), has been analyzed [18]. In all these cases, critical points are defined in the
context of the collective Bohr Hamiltonian [19].
Since the IBM was formulated from the beginning in
terms of creation and annihilation boson operators, its geometric interpretation in terms of shape variables is usually
done by introducing a boson condensate with two shape parameters β and γ. The parameter β is related to the axial
deformation of the nucleus, while γ measures the deviation
from axial symmetry. The equilibrium shape of the nucleus
is obtained by minimizing the expectation value of the Hamiltonian in the intrinsic state.
In this paper, we discuss some aspects of the nuclear

shape phase transition in even-even nuclei using the IBM with
the intrinsic state formalism. The outline of the present paper
is as follows: In Section 2, we construct the IBM Hamiltonian
in terms of Casimir operators and using coherent state to get
the potential energy surface (PES). In section 3, we check that
results of the IBM with coherent state to agree for dynamical
limits U(5), SU(3) and O(6) in the limit of large N. In section 4 we applied our model to the rare earth Nd/Sm/Gd/Dy
isotopic chains which evolve a rapid structural changes from
spherical to well-deformed nuclei when moving from lighter
to the heavier isotopes.
2 Coherent State Potential Energy Surface
We start by considering a general standard two-body sd IBM
Hamiltonian in the Casimir forms as:
H

=

C1 [U(5)] + K1C2 [U(5)]
+K2C2 [O(5)] + K3C2 [O(3)]

(1)

+K4C2 [S U(3)] + K5C2 [O(6)]
Here Cn [G]is the n-rank Casimir operator of the Lie group
G, with
C1 [U (5)] = n̂d
(2)
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where n̂d , P̂, L̂, Q̂, T̂ 3 and T̂ 4 are the boson number, pairing,
angular momentum, quadrupole, octupole and hexadecapole
operators defined as:
n̂d = (d† d̃)(0)
P̂ =
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The PES associated with the IBM Hamiltonian of equation (1) is given by its expectation value in the coherent state
and can be written as:
V (β, γ) =

(12)

N
β2
1 + β2
N (N − 1) 
2
+
 a 1 + a2 β +
1 + β2 2

a3 β3 cos(3γ) + a4 β4
a◦

(22)
where s† (s)and d† (d̃) are monopole and quadrupole boson
creation (annihilation) operators, respectively. The scalar
product is defined as
X
(−1) M T̂ L,M T̂ L,−M
(13) where the coefficients ai are linear combinations of the paT̂ L T̂ L =
rameters of the Hamiltonian and terms which do not depend
M
on β and/or γ have not been included.
where T̂ L,M corresponds to the M component of the operator
T̂ L . The operator d̃m (−1)m d−m and s̃ = s are introduced to 3 Shape Structure of the Dynamical Symmetries
ensure the correct tensorial character under spatial rotations. The analysis of the three dynamical symmetry limits of the
The Connection between the IBM, PES, geometric shapes IBM provides a good test of the formalism presented in the
and phase transitions can be investigated by introducing a co- previous section.
herent, or intrinsic state which is expressed as a boson con3.1 The U(5) Symmetry
densate [20]
1  † N
(14) The Hamiltonian of the vibrational limit U(5) can be written
bc |0i
|N, β, γi = √
N!
down by putting k4 = k5 = 0 in equation (1). This has the
with
consequence that in H remain only the terms which conserve
!
both the number of d-bosons and the one of the s-bosons. The
1
1
†
†
†
†
†
bc = p
s +β cos γ do + √ β sin γ(d2 +d−2 ) . (15) Hamiltonian operator of this approximation reads:
2
1 + β2
H[U (5)] = C1 [U (5)] + K1C2 [U (5)]+
|0i is the boson vacuum and the variables β and γ deter(23)
K2C2 [O (5)] + K3C2 [O (3)].
mine the geometry of nuclear surface. Spherical shapes are
characterized by β = 0 and deformed ones by β > 0. The
This yields the PES
angle γ allows one to distinguish between axially deformed
◦
◦
nuclei γ = 0 for prolate and γ = 60 for oblate deformation
N
N (N − 1) 4
E(N, β) = d
β2 + f
(24)
 β .
and triaxial nuclei 0◦ < γ < 60◦ .
1 + β2
1 + β2 2
The expectation values of the Casimir operators equations
This energy functional is γ− independent and has a mini(2–7) in the ground state equation (14) is:
mum at β = 0, Special case for U (5) limit, when
N
β2
(16)
hC1 [U (5)]i =
H = C1 [U (5)],
(25)
1 + β2
hC2 [U (5)]i =

hC2 [S U (3)]i
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5N 2 N (N − 1) 4
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N
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hC2 [O (5)]i =

8N 2
β
1 + β2
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3.2

hC2 [O (3)]i =

12N 2
β
1 + β2

(19)

In the parametrization equation (1), the S U(3) limit corresponds to  = K1 = K2 = K5 = 0 and the Hamiltonian reads:

=

20
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∙
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The SU(3) Symmetry

H[S U(3)] = K3C2 [O(3)] + K4C2 [S U(3)].

(27)

This yields the PES
(20)
E (N, β, γ) =

(21)
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Fig. 1: Calculated PES’s as a function of the deformation parameter
β in U(5)-SU(3) transition for 144−154 Nd (with Nπ = 5 and Nν = 1 − 6
neutron bosons)
isotopic chain. The total number of bosons N=6-11
√
and χ = − 7/2).

Fig. 3: Calculated PES’s as a function of the deformation parameter
β in U(5)-SU(3) transition for 148−162 Gd (with Nπ = 7 and Nν =
1−
√ 8) isotopic chain. The total number of bosons N=6-11 and χ =
− 7/2).

to give βe =
3.3

√

2 and γ = 0◦ and γ = 60◦ .

The O(6) Symmetry

For the O(6) limit  = K1 = K2 = 0 and the Hamiltonian
takes the form
H[O(6)] = K2C2 [O(5)] + K3C2 [O(3)] + K5C2 [O(6)]. (32)
Fig. 2: Calculated PES’s as a function of the deformation parameter
β in U(5)-SU(3) transition for 146−154 Sm (with Nπ = 6 and Nν =
1−
√ 5) isotopic chain. The total number of bosons N=6-11 and χ =
− 7/2).

This energy functional has a shape minimum at γ = 0 and
at a value β , 0.
Special case for SU(3) limit, when

One then obtains the PES
E (N, β)

=

N
β2 −
1 + β2
!2
1 − β2
.
2k5 N (N − 1)
1 + β2

12(2K2 + K3 )

(33)

This energy functional is γ−independent and has a minimum at a value |β| , 0. For large N, the minimum is at
H = aQ̂ Q̂
(29) |β| = 1.
Special case for O(6) limit, when
and if we eliminate the contribution of the one-body terms of
H = aQ̂ (χ) Q̂ (χ)
(34)
the quadrupole -quadrupole interaction, then, the PES reads
√
χ=0
(35)
N (N − 1) 2
1
(4β ± 2 2β3 cos(3γ) + β4 ). (30)

2
2
1 + β2
and if we eliminate the contribution of the one-body term of
the quadrupole-quadrupole interaction, then
The equilibrium values are obtained by solving
!2
β
∂E ∂E
E (N, β) = 4aN (N − 1)
(36)
=
=0
(31)
1 + β2
∂β
∂γ

E (N, β, γ) = a
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dynamical symmetry. Around N = 90 these seems to be the
X(5)critical point symmetry. Each PES displays a relatively
similar shape with only a small increase in the sharpness of
the potential for increasing boson number.
5 Conclusion
In conclusion, the paper is focused on the properties of quantum phase transition between spherical U(5) and prolate deformed SU(3) in framework of the simple version of interacting boson model IBM-1 of nuclear structure.
The Hamiltonian was studied in the three different limits
of the IBM and formed by laking. A systematic study of rare
earth Nd/Sm/ Gd/Dy isotope chains was done using the coherent states. Nuclei located at or very close to the first order
transition were the N=90 isotones 150 Nd, 152 Nd, 154 Nd and
156
Nd. They also follow the X(5) pattern in ground state energies. The geometric character of the nuclei was visualizes
by plotting the potential energy surface (PES’s). parameters
of our model were adjusted for each nucleus by using a computer simulated search program, while the parameter X √
in the
quadrupole operator was restricted to fixed value x = − 7/2.
Fig. 4: Calculated PES’s as a function of the deformation parameter
β in U(5)-SU(3) transition for 150−166 Dy (with Nπ = 8 and Nν =
1−
√ 9) isptopic chain. The total number of bosons N=6-11 and χ =
− 7/2).

the equilibrium value is given by β = 1 corresponding to a
γ-unstable deformed shape.
4 Application to Rare-Earth Isotope Chains
Nuclei in the region of Sm are well known examples of U(5)SU(3) transition going from a vibrational into a rotational behavior. The validity of our model is examined for typical various even-even Nd/Sm/Gd/Dy isotopic chains with total number of bosons from N=6 to N=17.
The set of parameters of the model for each nucleus are
adjusted by using a computer simulated search program in
order to describe the gradual change in the structure as boson number is varied and to reproduce the properties of the
selected states of positive parity excitation (2+1 , 4+1 , 6+1 , 8+1 , 0+2 ,
2+3 , 4+3 , 2+2 , 3+1 and 4+2 ) and the two neutron separation energies
of all isotopes in each isotopic chain. The best fitting parameters obtained for each nucleus are given explicitly in Tables
(1,2).
The PES’s versus deformation parameter β for rare earth
isotopic chain of nuclei evolving from spherical to axially
symmetric well deformed nuclei are illustrated in figures
(1-4). A first order shape phase transition with changes in
number of bosons when moving from the lighter to heavier
isotopes i.e. U(5)-SU(3) transitional region are√observed. In
our selected region we assumed a value χ = − 7/2 because
some Gd isotopes clearly exhibit the character of the SU(3)
10
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98
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100
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